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Abstract 

This work is a direct continuation of the authors work [MV] , A special case of conservative 
overdetermined time invariant 2D systems is developed and studied. Defining transfer function 
of such systems we obtain a class CI of inner functions S(A,t2), which are identity for A = oo, 
satisfy certain regularity assumptions and intertwines solutions of ODEs with a spectral parameter 
A. Using translation model, developed in LKMVJ we prove that every function in the class CI can 
be realized as a transfer function of a certain vessel. 

The highlight of this theory is a generalization of Potapov's theorem [P] ILiB) . which gives a 
very special formula for such a function in the form of multiplication of Blacke-Potapov products, 
corresponding to the discrete spectrum of certain system operator A\{t2) and of multiplicative 
integral, corresponding to the continuous spectrum of A\{t2). This theorem is proved under a slightly 
more restrictive assumptions, then the development of the whole theory. Namely, we suppose that 
the derivative of the transfer function is a continuous function of t2 for almost all A. 

At the last part zero/pole interpolation problem I BGR I for matrix functions in CI is considered 
and a realization theorem of such functions appeared in iMV (theorem 8.1) is reproved. Hermitian 
case is also analyzed and the corresponding realization theorem is proved. 
MSG classes: 47N20, 47N70, 47E05, 26B30, 45D05, 34K06. 
Keywords: system theory, vessel, colligation, inner function, Volterra operator. 
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1 Introduction 

Generalizing time varying ID systems to the study of 2D systems invariant in one direction, it turns 
out to be very useful to introduce the notion of vessel. It can actually be done in different settings, for 
example in algebraic sense jGal IVl lABPj with inputs/output satisfying certain algebraic equations, or 
in analytic [Lil IBV| with ODEs with spectral parameter for input/output. The second approach is our 
main inspiration and mainly comes from the article of M. Livsic [Li] . 

In the 40-50's [FJ [BJ iLiBj there was developed a theory connecting non self-adjoint operator A 
(with a small imaginary part A — A*) and meromorphic functions in the upper half plane (or inside 
circle), called characteristic functions of the operator. Multiplicative structure of characteristic fmiction 
was closely related to the invariant subspace structure of the operator A. See survey [BCj on this 
subject. Further, this theory was developed for a pair of commuting non self-adjoint operators [LKMV| . 
A special and important role in this research is played by conservative systems, which are closely related 
to the study of the operators. 

One of the strongest results in this are was obtained in [LiB| , where multiplicative structure of a 
meromorphic function was connected to invariant subspaces of the corresponding operator A. Moreover, 
the Hilbert space was decomposed into two parts 7ii®7i2, where TCi = P - the space oh infinite sequences 
and W2 =i^(0,L). Moreover, had a triangular form and ^1 j-^a was a Volterra and multiplication 

operator on a continuous from the right function. 

V.P. Potapov £j proved this theorem for the characteristic function using functional analysis 
approach only. 
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We are going to generalize this result to a wider class of function CI and this is done in Part II. 
Part I presents the theory of conservative vessels, based on the work [MVj . We show first how such vessel 
arise, then gauge equivalence of such vessels is presented. As in the non conservative case |MV| one can 
differentiate and integrate vessels and actually these two categories are equivalent. Main theorem of 
gauge equivalence is presented in theorem [3. 51 Afterwords, transfer function and the class CI it belongs 
to are defined. Translation model, which is used for the main realization theorem of part I is presented, 
followed by theorem itself. 

In part III we solve zero/pole interpolation problem [BGRj and show its applications. 



2 Background 

In our previous article [MVj we have developed and studied a general theory of Vessels and corre- 
sponding overdetermined 2D time invariant systems. Let us recall main definitions and assumptions. 
An overdetermined ti-invariant 2D system is a linear input-state-output (i/s/o) system, consisting of 
operators depending only on the variable t2 ; in the most general case such a system is of the form [Li] 



*i 

I y{tl,t2) = C{t2)x{ti,t2) + D{t2)u{ti,t2) 



where for Hilbert spaces £,£t,Ht2 there are defined 

u{ti, t2) (z £ - input, 
2/(^1,^2) G - output, 
x{ti,t2) e 'Ht2 - state, 

such that u{ti,t2),y{ti,t2) are absolutely continuous functions of each variable when the other variable 
is fixed. The transition of the system will usually be considered from (ii,t2) to {ti,t2)- Note that Ht^ 
are a priory different for each t2, and as a result ^(^2, ^2) to be an evolution semi-group , i.e., satisfies 
the following 

Definition 2.1 Given a collection of Hilbert spaces {Tit | i G /} for an interval /CM and a collection 
of bounded invertible operators F(s,t) : Tis — > Ti-t for each s,t G /, we will say that F{s,t) is evolution 
semi-group if the following relations hold for all r, t, s G /; 

Fir,s)F{s,t)^F{r,t), 
F{t,t) ^ Id\n,. 

Demanding compatibility of transition for the system (|2.ip and factorization 

-82(^2) =-§(^2)^2(^2), Bi{t2) ^ B{t2)<Ji{t2), ^ ,2 21 

A^{t2)B2{t2)+F{t2A)-§-s[F{tU2)Blit2)]^-Bit2hit2) ^ ' ^ 

for some operators 

B{t2) -.S^Ht^, <J2{t2),^l{t2),-f{t2) -.S^S, 



3 



where £ is another auxihary Hilbert space, we have reached the notion of (integrated) vessel, which 
is a cohection of operator and spaces 

3QJ = (.4i(t2), F{t2A). B{t2), C(i2), D{t2),D{t2); 

CTl {t2), 0-2(12), j{t2), 0-i^it2), CT2*it2h*ih);'Ht2, £*) 

satisfying regularity assumptions 

Assumption 2.2 • Internal regularity: 

1. ^1(^2) : 'Ht2 — > '^427 Bi{t2), B2{t2) ■ £ — > 'Ht2, C{t2) : Tita ^ ^* '^'^^ hounded operators (for 
all t2) and F{t2,t^) : Ht» ~* Ht^ is an evolution semi-group (see definition \2. 1\) . 

2. F{t2, s)B2{s) and C{s)F{s,t2) are absolutely continuous as functions of s (for almost allt2) 
in the norm operator topology on £(£,7^(2) o.'^^d on C{£^,Ti.t2), respectively. 

• Feed through regularity: the operators D(t2) ■ £ £* and D[t2) ■ £* £* are absolutely 
continuous functions of t2 ■ 

• External input regularity: 

1. 7(^2), 0'2(i2) G Fj^^{C{£,£)) in the norm operator topology. 

2. ai{t2) G L{£,£) is absolutely continuous and invertihle, in the norm operator topology. 

• External output regularity: 

1- 7*(i2), o'2*(i2) e Ll^^{£{£^,,£^,)) in the norm operator topology. 

2. cri^{t2) e L(£*,£,) is absolutely continuous and invertihle, in the norm operator topology. 
and the foUowing vessel conditions: Lax condition 

F{t2A)Mtl) = Ai{t2)F{t2,tl) (2.3.Lax) 

Input vessel condition 

-^(^^(tO,i2)S(t2)fTi(t2)) + F(t^,t2Mi(t2)S(t2)a2(i2) + F(<o,<2)i?(t2)7(^2) = (2.4.0verD) 

012 

Output vessel condition 

-CTi*(t2):^[C(t2)i^(i2,t^)] +a2*(i2)C(t2)Ai(t2)i^(i2,i^)7*(i2)C(i2)F(t2,i^) =0 (2.5.0verD) 
012 

Linkage condition 

a2.D = Da2, ^2 g ^ink) 

— a2*CBai — ai^,CBa2 + (Ti*-D + 7,1?. 
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It is naturally associated to the system /E (see (|2.1[) ') 



dti 



/E : < 



x{h,t2) ^ F{t2,4)x{h,4) + J F{t2,s)B{s)a2{s)u{h,s)d3 

^ y{tl,t2) ^ Cit2) X{h,t2)+D{t2)u{ti,t2). 



(2.7) 



with absolutely continuous inputs and outputs, satisfying compatibility conditions for almost all (ti, t2): 

(2.8) 
(2.9) 



d d 
<72{t2)Tr-u{ti,t2) - (Ti{t2)Tr-u{ti,t2) + 7(^2)u(ii , ^2) = 0, 
oil 012 



d d 

02*{t2)-Q^^y{ti,t2) - <Jl*{t2)-Q^y{tl,t2) +-f*{t2)y{tl,t2) = 0. 



Another important notion, which will be extensively used is the notion of adjoint vessel |MVj . It is 
obtained from a simple observation that applying adjoint to the vessel conditions gives rise to a new set 
of conditions on adjoint operators, which are almost vessel conditions. An adjoint systems (for IT,) is 
the sytem 



IT* : { 



-^X,{ti,t2) ^ Al{t2) X4ti,t2) + C*{t2)<7l,U^,{ti,t2) 

-X, (ti ,t2)^F* {t2 ,t°^)x, (t?, tO) + / F* {t2 , s)C* {s)a*2, {s)u, (ti , s)ds 



(2.10) 



, y*{tl,t2)^B* X,{ti,t2)+D*{t2) u^Ah,t2), 

which is associated to the vessel 9J* given by 

= (~ A^ -i^^* (i2 , t^) , B% 5% z?* ; at, , , -7: - , -7* - ; Ht. , ^* , , f ) , 

ai2 at2 

where all the operators are functions of t2 and satisfy the following axioms: 

d A* _ A* A* — A* A* 
dt2 i ~ ^1^2 ^2^1 

^^{F*Cyi,) - AlFy*a*2, - F*C*{j: + ^^al,) - 
-at^{B*F*) + a*2BF*Al - (7* + ^<Ji)B*F* = 
aj^n =U cr^^, 0-21^ = ^ (^2* _ 

D*{-lt - ij^L) = -<y*2B*C*cjl, + alB*C*<jl, - al^D* - (7* + ^al)D*. 
Moreover, the transfer function of the adjoint vessel S^{fi^t2) maps solutions of the adjoint input ODE 



with the spectral parameter fj, to solutions of the adjoint output ODE 



dt2 



al]y*it2) = o 



(2.11) 



(2.12) 
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with the same spectral parameter. The following relation between transfer functions has to be satisfied: 

S{\,t2)^a^,^S:{^~X,t2yi (2.13) 

One can easily verify this formula directly, using the vessel conditions and the formulas for S{X,t2), 
^:(-A,i2): 

<JuS:{-~X,j2)a, = af/ [D* - B*{-XI + AirlC*al,] \i - 

= CTf,i[L> - ai^C{-XI + Ai)-^B]ai = a^^Dai - C{-XI + Ai)-^Bai = 
= D + C{XI - Ai)-^B(Ji = S{X, t2). 

Part I 

Conservative systems 

3 Conservative systems and vessels 

In this part we want to talk about a more restrictive class of vessels (and systems), satisfying a conser- 
vation law (or energy balance). We start from the system (|2.7p 



-^^x{hM) ^ A^{t2) X{h,t2) + B{t2)cTl{t2) U{h,t2) 



/E : <^ 



IE* 



x{tiM) ^ F{t2,tl)x{h,tl) + J F{t2,s)B{s)a2{s)u{ti,s)ds 

tP 

. yitl,t2) = Cit2) X{tl,t2)+D{t2)uitl,t2). 

and consider its adjoint p.lOp 

' -^X4ti,t2) = Al{t2) X4ti,t2) + C*{t2)<Tl,{t2)u,{tl,t2) 

-x.{tiM)=F*(t2A) x,{tl,tl)+ J F*{t2,s)C*{s)a*2,{s)u4h,s)ds 

^ y*{tut2)=B* X,{ti,t2)+D*{t2) U,{h,t2). 

We define /E to be (scattering) conservative if the transformation 

{u,x,y) {y,x,u) 

is a bijection from the set of trajectories for the system (|2.7p to the set of trajectories {u^,,x^,,y^,) for 
the system (|2.10p . Note that a preliminary necessary condition for this to be possible is that the space 
of inputs, satisfying (|2.8p . matches with the space of outputs for (|2.10p . satisfying adjoint output ODE 
([2J01) . Thus 

d 

(71. 



£ = ai{t2) - al{t2), a2{t2) = ^^(ia), l*{t2) = -7(^2) - 
The same conditions for the outputs of /E and inputs of /E* results in 

= (Ti*(t2) = ctL(*2), Cr2(i2) = Cfl^{t2), 7*(*2) = -7*(*2) 



dt2 



dt: 



-CTi. 
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An immediate consequence of such "adjoint pairing" for system trajectories is the foUowing set of 
energy-balance relations for conservative systems. 

Theorem 3.1 Suppose that \2. 7| ) is a conservative system and {u,x,y) is a trajectory for it. Then 

d 

and 

{x{ti,t2),x{ti,t2))Ht2-{x{ti,t2),x{ti,tl))H^o = / [{(^2{s)u(ti, s),u{ti, s)) £- {a2*{s)y{ti, s),y{ti, s)) £,ds. 

Proof: Let us perform the necessary calculations (notice that by the definition x = x*): 

■^{x,x) = = {-^x,x^) + (x, ^a:,) = {Aix + Baiu,x^) - (x,A|a;, + C*al^u^) = 

= {aiu, B*x^) - {Cx, al^u^) =^{aiu, - D*u^,) - {y - Du, al^u^) = 
= {(Jiu, y*) - (a-i*j/, w,) + {{-Dai + au.D)u, -u,) = (ctiu, y,) - {ai^y, u,) = 
= (ctiUjw) — ((Ti*j/,?/), since by definition — u,u^ — y 

Performing the same calculations, but in the integral form with the indexes 1 and 2 interchanged, we 
shall obtain the second equality. □ 
So, let us consider the first equation: 

If one substitutes next the formulas for the derivative of x according to ti (from (|2.ip ). it follows that 
the following must hold: 

{Aix,x)-H + {x,Aix)n + {C*ai^Cx,x)u + 

+ {Baiu,x)n + (cti^Dm, Cx)n + {x,Baiu)n + {Cx,(Ti^Du)n + 
+ {D*ai^Du,u)£ = {aiu,u)£. 

We want this energy balance to hold for arbitrary input and state vectors, thus we obtain 

Mt2) + Al{t2) + C*{t2)a^.{t2)C{t2) = 

Bai(t2) + C*{t2)ai,{t2)D{t2) = 

(Jl{t2) = D*{t2)ai,{t2)D{t2) 

A similar computation is correct for the second energy balance condition. We rewrite it in the 
integrated form, since the second system equation is such, and obtain: 

{x{ti,t2),x{ti,t2))H - {x{ti,t'^),x{ti,t'^))n = / [{a2is)u{ti,s),u{ti,s))£ - {a2*{s)y{ti, s),y{ti, s))£ds. 

(3.1) 

Substituting further formulas for x(ti, t2) and for y{ti, s), we obtain 

/■*2 

{x{ti,t2),x{ti,t2))nt^~{x{Ti,t2),x{Ti,t2))H = / [{(y2{s)u{ti, s) , u{ti, s)) £~ {a2*{s)y{ti, s) , y{ti, s)) £ds , 
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or, what is the same 



Fit2,4Mh,4)+ / Fit2,s)Ba2is)uih,s)ds\\H,-\\x{ti,4)\\ 



H 



[{(72{s)u{ti, s), u{ti, s))s - {a2*{s){D{s)u{ti, s) + C{s)x{ti,s)), D{s)u{ti, s) + C{s)x{ti, s))£ds, 

which also have to hold for arbitrary input and state vectors, thus we obtain the following conditions 
\\F{t2,4)x{h,q)\\ ~ \\x{h,q)\\ = J^o^{a2{s)C{s)xih,s),Cis)x{tus))ds 

Ba2(t2)+C*(t2)<J24t2)D{t2)^0 
(J2{t2) ^ D*{t2)(J2.{t2)D{t2) 

We assume next that for all t2 there exist ^1,^2 G C such that £,icri{t2) + ^2<^2{t2) > e > (or just 
det {£,i<Ji{t2) + ^2C2(i2)) 7^ in case dim£ < 00). Then from the equation 

il(Jl{t2) + ^2(J2{t2) = D*{t2){^lOl{t2) + i2<y2{t2))D{t2), 

it follows that the operator D(t2) is invertible, and defining a new output 

y = D-iy = D-i(Ca; + Du) D-^Cx + u 

we obtain operators D = I and C =JJ^^C. So, we suppose that Z?^= D = I and as a result part of the 
linkage conditions become txi = aiD — Dai^ — cri^ and a2 = cr2D = Da2* = <J2*, which means that 
£ — £^ and that input (j2.8p and output (|2.9p compatibility conditions differ only by 7,7* and have the 
same cr's. Consequently, C{t2) — B*{t2) if at least one of (Ji{t2),cr2{t2) is invertible for almost all t2- 
We shall usually suppose that cri(t2) is invertible, promising a uniqueness of solutions for the input and 
for the output ODEs jM]), (j^ . 

Thus, without loss of generality for conservative systems we may assume that the system is 
actually of the form 

{^X{h,t2) ^ Ai{t2) x{tiM) + B{t2)(Ti{t2) U{h,t2) 
x{h,t2) = F{t2A)x{tiA) + lF{t2, s)B{s)cj2{s)u{h, s)ds (2) 
y{tl,t2) = U{ti,t2) - B*{t2) xlh,t2), 

and the following two conditions are imposed: 

Ai{t2) + Al{t2) + B*{t2)<Ji{t2)B{t2) = (3.3.C0II) 
\\F{t2,t"^)x{h,4)\\ - \\x{h,4)\\ = / \a2{s)B{.s)x{h,.s),B{s)x{tus))ds (3.4.Coll) 



Systems with energy balance conditions are sometimes called colligations. So, we shall refer the condi- 
tions (j3.3.Coll[) and (|3.4.Coll[) as colligation conditions. 
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In this manner we obtain the notion of conservative vessel 

satisfying regularity assumptions and the following vessel conditions: 

Aiih) + Alih) + B*it2)c7i{t2)B{h) = (I3.3.C0III) 
\\F{t2,4)x{h,4)\\ - \\x{h,4)\\ = j'o^{a2{s)B*{s)x{h,s),B{s)x{tus))ds (13.4.Coll|l 

F{t2,t°2)A^i4) = A,{t2)F{t2,t^2) ' (12.3.Laxl) 

^{F{tlt2)B{t2)ai{t2)) + F{tlt2)Ai{t2)B{t2)<T2{t2) + F{tl, t2)B{t2h{t2) = (l2.4.0verDp 

a^{t2)^^[B*(t2)F{t2, tl)] - c72it2)B*it2)Ai{t2)F{t2,4) - j,{t2)B*{t2)Fit2,4) = (l2.5.0verDI) 

7 = 0-25*5(71 - criB*Bcr2 +7*. (|2.6.Linkp 

It is naturally associated with the system ([2]) 

^^X{h,t2) ^ Aiit2) X{ti,t2) + B{t2)<7i{t2) uihM) 

C/S: \ x{tiM) ^ F{t2,tl)x{h,tl) + J F{t2,s)B{s)a2is)u{ti,s)ds 

y{tl,t2) - U{ti,t2) - B*{t2) xlh,t2). 

with inputs and outputs satisfying compatibility conditions (|2.8p . (j2.9p (with ci = o'i*,(T2 = (T2*): 
^12(^2) ^2) - ai{t2)^^u{h,t2) + 7(i2)u(ti, ^2) = 

'T2{t2)^^V{tl.M)-^l{t2)^^V{tl,t2)+l*{t2)v{tl.t2) = 

3.1 Gauge equivalence of conservative vessels 

The notion of similarity for vessels turns out to be a notion of gauge equivalence, which generalizes 
the notion of unitary equivalence for minimal systems (vessels). It turns out that minimality of a 
conservative system is determined at any value of t2. Moreover, observability or controllability alone, 
which is satisfied for any value of t2, imposes minimality of the system for all values of t2- 

Let C/S be the i/s/o system ([2|) associated with the vessel OQ3. Then the following theorem 

holds: 

Theorem 3.2 For a vessel satisfying regularity assumptions, if there is a uniqueness of the solu- 

tion for the output compatibility equation i2. 9\) then the following conditions are equivalent: 

1. for some t2- 

\J A-,{tl)B{tl)e^H,.. 

n>0 

2. for all t2: 

V AUt2)Bit2)e^Ht,. 

n>0 
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4- Observability (for all ti, 12): 



3. Observability (for a fixed t'^): 

^-Mt2)f 

V^-B*{t2)f 

«(ti,i°) = 0,Vti^/(0,0) = 

lk = Mh)f 

f = Mt2)f 

V = -B*{t2)f 
w(ti,i2)=0,Vti,t2^/(0,0)=0 

Proof: We want to show that aU the conditions are equivalent. Using ^(^2,^2)1 it is easy to 
verify that the solution of the system equations is necessarily of the form 

/(ii,i2)=e*^^i(*^)i^(t2,i^)/(0,0) 

v{tut2) = -i3*(t2)e*i^^(*^)i^(t2, t^)/(0, 0). ^''■''^ 

Another condition is: 

V Ar\t2)B{t2) = V ^'1 (^2)s(i2), 

n>0 n>0 

which comes from the colligation condition on Ai{x). Using these results we shall prove the theorem. 
We shaU show that 3) =^ 1) =^ 2) =^ 3). 

• We want to prove 3) ^ 1). Suppose that the third condition is satisfied. This means that Ve £ E 

< B*{t°)e'''^'^'°^h, e>^0, y ti^ h = 0. (3.6) 
Since e*^"*^*^*"^/! is clearly an analytic function of ti, the condition (|3.6p is equivalent to Ve G E' 

< e >=< h, yl*"(t°)B(t°)e 0, V n ^ /i = 0, 

which is true, because the only vector perpendicular to \/n>o ^i"(^2)-^(^2)s i^ the zero vector and 
finally condition (1) holds. 

• Here we want to obtain 1) ^ 2). Let us fix t2 and suppose by contradiction that there exists 
an h ^ such that We € E < /i, V„>o ^i"(^2)S(t2)e >= 0. Since ^(^2,^2) is invertible, this is 
equivalent to < F(t2, ^2)^'! Vn>o ^i"(^2)S(i2)e >= 0. And because of analyticity of the function 
gti^i(t2) fj^Q lojg^ norm actually is: 

< F{t2,t°)h',e''^'^^'''>B{t2)e >=0,Vii. 

But it means that Ve G E 

< B*{t2)e*'^'^'^'> B{t2,t°2)h,e >= 0,y ti. 

B* (t2)e*^^^^*^'> F{t2,t^)h is the solution of the system equations for initial condition B*(i^)e*i^i(*2) 
for t2 = t2, since there exist unique solutions for the differential equation, defined by the system 
equations. We have found an h ^ such that < B*{t2)e'^^^^''*^^h,e >= 0,Vti. This means that 
Oy^h± V„>o ^iit2)Bit^)e. Contradiction. 
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• Here we want to show that 2) 3). Suppose 2) and we shall show that 3) is satisfied too. Suppose 

that 77 (t, f!]) = 0, Vti. Then for any t2 there exist a unique solution of the system equations with 
initial condition v{t,t2)- This solution is of the form 

v{tut2) = -B*(t2)e*^^^(*^)F(t2,0)/(0,0). 

Suppose by contradiction that h = /(0, 0) ^ 0. Then and Ve e E: 

< B{t2)e'^^'^*'^F{t2,0)h,e>E= 0, 
from where Vn G N and \/e G E: 

<B{t2)AUt2)F{t2,0)h,e>E=0, 
which is equivalent to Vn e N and Me & E: 

< F{t2, 0)/i, Al^{t2)B{t2)e >H= 

This means that F{t2,0)h _L H and since F{t2, 0) is invertible hJ-H. Thus /i = and /(0, 0) = 0. 

• Finally, the conditions 4) and 3) are equivalent. This is a conclusion from the uniqueness of the 
solution for a differential equation. This ends the proof of the theorem. □ 

There is also a natural notion of equivalence. Two vessels 

0^ = ( Ai (t2 ) , f;(t2 , t^) , (<2 ) ; CTl (^2 ) , (T2 (t2 ) , 7 2 ) , 7* 2 ) ; Ht, , 

= (Afe), F{t2, t°2), B{t2); (71 (t2), (72(^2), 7(^2 ) , 7* (^2 ) i W*, , £) 

are called unitary gauge equivalent (or unitary kinematically equivalent), if there exists U{t2) '■ Ti-t-i ~^ 
, unitary, such that : 

Mt2) =U{t2)Ai{t2)U-\t2) 

F{t2A) ^U{t2)F{t2,t^,)U-\t°) (3.7) 

Bit2) = U{t2)B{t2) 

3.2 Differential form of conservative vessels 

As we have seen, one of the advantages of the ti-invariant vessels is that there is always a more convenient 
way to work with them. It turns out that conservative vessels are always gauge equivalent and obtain 
systems equations in the form of differentiation. Of course, on first sight it seems to be impossible, 
because there exists a continuum of Hilbert spaces (for each ^2) and the differential of the evolution 
semigroup is not generally defined. In our case we can bring all the spaces to one with an isometric 
map. In order to do it, one needs the following proposition 

Proposition 3.3 There is an invertible, self-adjoint absolutely continuous operator ^{t2) ■ — > HfO 
such that 

F*{t2A)F{t2A) = 'i'it2f 
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Proof: First, we notice that the spectrum of F*(t2, t2)F{t2,t2) is separated from zero, since this operator 

is invcrtiblc, and is bounded. Thus wc can define the operator ^(t2) as the squarcroot of this operator, 
using the Riesz-Dunford calculus (where the root is taken to have the principal value for each A G C): 

^{t2) = **(i2) = ^ \/A(A/ - F*{t2,4)F{t2,4))-^dX 

Since we can take the path of integration symmetric with respect to the real axis, '^{12) will be obtained 
self-adjoint. Moreover, the spectrum of this operator according to the spectral theorem will be the 

square root of the spectrum of F* {t2;f^)F{t2Tf^) and thus is positive. Finally, since wc have obtained 
self-adjoint operator ^{12) with positive spectrum it would be a positive operator. We notice also that 

F*{t2, tl)F{t2, tl) = j A(A7 - F*{t2, tl)F{t2A)r^dX. 

Since F{t2,t2) is an invertible operator, so will be F*{t2,t2) and consequently, \l/(t2)- 
From the second colligation condition 

F*{t2A)F{t2,tl) = 1- r F*{t2A)B{t2)(J2{t2)B*{t2)F{t2A) 



we obtain that 



*(i2)*(i2) =/- f ' F*it2,t°)B{t2)a2it2)B*{t2)F{t2,t9,). 

Jt° 



Thus ^'(i2)^ is an absolutely continuous function of t2. In order to obtain that ^{t2) has the same 
property, we prove the following 

Lemma 3.4 Suppose that R{t2) is an absolutely continuous operator on the interval [a,h\. Suppose also 
that it is self-adjoint and invertible. Then its square root, defined by 



VR{t2) = I - R{t%))-^ 



dX 



will be an absolutely continuous operator too. 



Proof: We shall prove it using the definition of absolute continunity. Let us fix e > 0. Since R{t2) is 
absolutely continuous there exists 6 > such that for every sequence 

a < ai < bi < a2 < b2 < . ■ . < Ok < bk < b 

k k 

SO that J2 (bi — di) < ^1) it holds that J2 W^i^i) — ^if^i)]] < We shall find 6 such that the same will 

i=l i=l 

be correct for y/R[t2). 

s/R{bi) - s/R{ai) = / VA(A/ - R{bi))-^d\ - § VA(A/ - R{ai)y^d\ = 
= jf VX[{\I - - (A/ - R{a^))-^]d\ = 

= § V\{XI - R{bi))-\R{ai) - R{bi)){XI - R{ai))-^dX. 
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Now we can evaluate the norm of this operator: 

\\VR{bi) - ^/R{ai)\\ = II f ^/A(A7 - Ribi))-\R{ai) - i?(6i))(A7 - Riai))-^dX\\ 

< / |iyA(A/ - i?(5,))-i(i?(a,) - R{b,)){XI - R{a,))-^dX 

< § II VA(A/ - R{h))-^\\\\{R{a,) - i?(6i))||||(A/ - R{ai))-^dX 

< § \\VX{XI - R{bi))-^\\\\{XI - R{ai))-^\\dX\\R{ai) - R{h)\\ 

So, if we succeed to prove that 

j\\\fX{XI-R{bi))-^\\\\{XI-R{ai))-^\\dX<K€'^ 

we shall obtain the absolute continuity of \/R{t2)-, by taking 5 = For this it is enough to show that 

sup ||(A7-i?(s))-^|| < oo, 

se[a,b] 

§ \\s/X{XI - R{bi))-^\\{XI - R{ai))-^dX < 
( sup ||(A7-ii(s))-i||)'Lmax|\/A|, 

sG[a,h] -^60 

where L is the length of the path O of the integral. As for ( sup ||(A7 — 7i(,s))^^||)^, we just notice 

se[a,b] 

that it is continuous in A ans s function and since it is considered on a compact space 

(A,s) e O X [a, 6], 

it attains its finite maximum. D 
Now we are ready to build a differential form of the vessel. For this let us define (by denoting 
here H = Wjo) a unitary operator U{t2) ■ Ht^ — > H by 

U{t2) = -^{t2)F{tl,t2)- 

Then we define new operators on the space W^o : 

F{t2A) = U{t2)F{t2, t'2)U{t'^)-^ = *(t2)*(t^)-l 

Mt2) = U{t2)Ai{t2)U-\t2) = ^{t2)At{tl)^{t2)-^ 

Mt2) = ^^^{t2)-^-\t2) 

B{t2) - U{t2)B{t2) = ■^{t2)F{tl,t2)B{t2) 

Thus we obtain a vessel in the differential form: 

S5J ^ (ii(t2), Mh), B{t-2)\ (Tl{t2), CT2(t2), 7(i2), 7*(*2); H, £) 
which satisfies the following axioms: 

Aj{t2) + A*{t2) + B{t2)<yj{t2)B*{t2) = 0, j = 1,2 

^il(t2) - i2(t2)il(t2) - il(i2)i2(t2) 

^{B{t2)ai{t2)) - A2{t2)B{t2)ai{t2) + Ai{t2)B{t2)a2{t2) + B{t2h{t2) = 
^(ai(t2)-B*(t2)) +aiJt2)^*(t2)i2(t2) + a2(t2)B*(t2)il(t2)+7*(t2)B*(i2) = 

7 = a2B*Bai - aiB*Ba2 +7*. 
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The differential vessel is associated with the system 

f ^X{ti,t2) ^ Ai{t2)x{hA2) + B{t2) (Ji{t2) U{ti,t2) 
- { -i^x{tiM) ^ Mt2)x{tiM) + B{t2) (J2{t2) U{h,t2) 

[ y{hM) = uitiM) + B*{t2)x{ti,t2) 
and compatibility conditions for the input/output signals: 

0-2(^2) J^ul^l, ^2) - Ol{t2)^u{ti,t2) + l{t2)u{ti,t2) = 0, 

^2(i2)J7y(ii,i2)-fTi(i2)^y(ii,i2) + 7*(i2)y(ii,i2) = 0. 
Conversely^ starting from a vessel in the differential form 

QJ = (ii (t2 ) , ^2 (i2 ) , B(t2 ) ; ai (i2) , CT2 (i2 ) , 7(^2) , 7* (^2 ) ; £•) 
we can build a vessel in the integrated form 

aOJ = {Ai{t2),F{t2, tl), B{t2);ai{t2), a2(t2), 7(^2), 7*(i2);Ht,, 
using the following definitions: 

^1(^2) ^Ai{t2) 

F{t2, ^2) = the evolution semigroup, generated by the operator ^2(^2) 

Bit2) = B{t2) 

Tit^ = H - the same for all. 

In order to prove the theorem of gauge equivalence for conservative vessels it is more convenient and 
readable to present it in the differential form. This theorem is an analogue in our framework of the 
standard unitary equivalence theorem for minimal (or closely connected) conservative systems [BCj . 

Main Theorem 3.5 Assume that we are given two minimal ti-invariant vessels 03, 9J in the differential 
form with transfer functions S{X,t2), S{X,t2). Then the vessels are gauge equivalent iff S{X,t2) = 
S{X,t2) for all points of analyticity. 

Proof: Notice first that from the minimality of the vessels 

V A^{t2)B{t2)e = H 

n>0 

V A^{t2)B{t2)e^H 

ri>0 

then define an isometry U{t2) on the dense sets 

U{t2)A",{t2)B{t2) = AUt2)B{t2). (3.8) 

Define next a new operator 
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Definition 3.1 



dt2 dt2 dt2 

Then 



IS 



Lemma 3.6 defined by the definition \3.1]) 

1. Well defined. 

2. A hounded operator from H to H . 

3. The derivative ofU{t2) in uniform operator topology. 
Proof: We shall prove the lemma for each claim: 

1. Here it is enough to show that 



Y,c^Al^it2)B{t2)e = ^ ^^^c,A'/'(t2)S(i2)e = 



dt 

i 

But this is a direct result of the definition 



'^[Y.^c.AT{t2)B{t2)e] = ^^[T.^c^AT{t2)B{t2)e] U{t2)^SL.c.Ar {t2)B{t2)e] 

= ±[U{t2)Y.^c^AT{t2)B{t2)e] - 4-\T..c.Ar{t2)B{t2)e] 



-^[U{t2)0]~Uit2)^0^0. 



2. A general claim that an operator defined in this way is bounded, fails. But in the case of vessels 
it is true. 



^[A-^it2)B{t2)] = A.[A",{t2)B{t2)] ~ U{t2)^[AUt2)B{t2)] 

= ^^B{t2) + AUt2)^ U{t2)^^B{t2) - U{t2)AUt2)^- 

(3.9) 

jtration we prefer to evaluate "^^Jf^^ separately. Namely, from the vessel 

dB{t2 



a better illustration we prefer to evaluate "^^Jf^ 

condition: 

A2{t2)B{t2) - {Ai{t2)B{t2)a2{t2) + B{t2)l*{t2))(Tl\ (3.10) 



dt2 

We also have the Lax equation for the derivative of Ai{t2). From which it is easy to obtain that: 

— = A,{t2rA2{t2) - A2{t2)AUt2). (3.11) 

dt2 

After inserting the formulas (|3.10p and (|3.11|) into (|3.9p we shall obtain: 

mA[A-,{t2)B{t2)\ = [A,{t2rA2{t2) - A2{t2)A-,{t2)]B(t2) + 

+A^{t2)[A2{t2)B{t2) - (Ai{t2)B{t2)a2it2) + B{t2)l*{t2))a^^] 
-U{t2)[AUt2)A2(t2) - A2{t2)A^(t2)]B{t2) 

-U{t2)A'^{t2)[A2{t2)B{t2) - {A^{t2)B{t2)a2{t2) + B{t2)l'^*{t2))<T^^] 

= {A2{t2) - Ai{t2))A^{t2)B{t2) + A^{t2)B{t2hit2ya^^ 
-U{t2){A2it2) - Ai{t2))A^it2)B{t2) - U{t2)AUt2)B{t2)i{t2ya^\ 
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From this equality, we may see that apphed to Ai{t2)B{t2) is actually combined from a 

couple of operators. They are: 

(a) ^2(^2)— ^1(^2), bounded and applied to A" (i2)^(t2), which has the same norm as A" (^2)5(^2)- 

(b) A2(t2) - ^1(^2), U{t2) bounded. 

(c) The operator F of the following form 

T[AUt2)B{h)] = A^{t2)B{t2h{t2r<J^'* 

We claim that this is a bounded operator too. Suppose that 7(i2)*o'f ^* = [Gki{t2)] - a continuous 
matrix- function of t2 from i? to i? in the standart basis {e^}. Then = aid di E 

A'l{t2)B{t2)i{t2Ycj^^*e - AUt2)B{t2) ELi ELi ^^,(^2)0^6, 
= Y.lk=i Gkrit2)akA^{t2)Bit2)e,, 



which is sum of scalar continuous functions and thus a sum of bounded operators. Thus we have 

lU(t2 

dt2 



obtained that '^^J^^'> is a bounded operator. 



3. Fet us try to evaluate the derivative of U{t2) in the strong topology by the definition. Fet us 
denote h{t2) = A'l{t2)B{t2) and h{t2) = i" (^2)^(^2)- Then, using definition O we shall obtain: 

^lim ^ ^^{U{t2 + A<2) - U{t2))h{t2) = 

^im^ ^{U{t2 + At2)h{t2) + U{t2 + At2)h{t2 + Aia) - U{t2 + At2)h{t2 + Ata) - U{t2)h{t2)) = 

lim -^{U{t2 + At2)h{t2 + At2) - U{t2)h{t2)) 

- \iuy^^^^{U{t2 + At2)h{t2 + At2) - U{t2 + At2)h{t2)) =^ 

^^m2)h{t2)] - ^^J.U{t2 + At2)^[h{t2 + A<2) - h{t2)]) 

Now let us show that lim U(t2 + At2) — U(t2). From the definition of U(t2) (13.81) we may 

conclude that U{t2) is defined as an isomorphism of continuous functions (from E to H). We shall 
show that this limit is correct on the dense set ^"(^2)5(^2)6, e G -E: 

\iin^t2->0[U{t2 + At2)A^{t2)B{t2) - U{t2)A^{t2)B{t2)] = 
limAt,^0[C/(i2 + At2)A'l{t2 + At2)B{t2 + At2) - U{t2)A'l{t2)B{t2) + 
+ U{t2 + At2)A'^{t2)B{t2) - U{t2 + At2)A'l{t2 + At2)B{t2 + At2)] = 

limAt,-.o i?(i2 + At2)B{t2 + Ai2) - A'l{t2)B{t2)+ 

+ limAt,^0[C/(i2 + At2){A'l{t2)B{t2) - A'l{t2 + At2)B{t2 + Ai2)) = 0, 

since U{t2 + At2) are uniformly bounded by 1. This is a continuity of U{t2) in t2 on the dense set 
A1{t2)B{t2). Finally we obtain 



i™0 ^2^U{t2 + At2) - U{t2))h{t2) = ^^h{t2) - U{t2)^h{t2) = ^/^fe) □ 
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Now we are ready to prove the theorem. 

Proof of the main theorem \3. 51 we shah show that necessarily 

A2{t2) = Uit2)A2ih)U-\t2) + ^^^U-\h) (3.12) 

dt2 

estabhshing the gauge equivalence. 

In the sequel, we permit ourself to omit assigning t2-dependence, since its dependence will be 
easily understood from the context. 

First of all, using the Lax equation 

il-AiA2-^2^1 (3.13) 

we find that A1A2 = Ai + A2A1. 

Rearranging one of the vessel conditions, we obtain that: 

A-iBcFi = B^f + AiB(J2 + -i—cri. 

dt2 

Since cti is invertible, we obtain: A2B — Bja^^ + AiBa2<yi^ + j^- Multiplying the equation by Ai 
and using the formula p.l3p we obtain: 

dB 

A2A1B = -AiBAiB-fCT^^ + AjBa2CT^^ + Ai — . 

dt2 

Continuing to multiply by Ai from the left and using the same formula for Ai twice, we obtain: 

A2AIB = -AiAiB - AiAiB + AlBja:[^ + A\B(J2(tI^ + Al — . 

dt2 

In the general case, using induction it is very easy to show that: 

A2A'IB = -Al Ai---AiB~ AiAi Ai ■ ■ ■ Ai B Ai---Ai AiB 

n-1 n-2 n-1 (3-14) 

+A^Bjai' + A^+'Ba2<Ji' + 

Let us define the first summation as a formula: 

Definition 3.2 (A'/)fc = A^AiAl^^^^ , for k ^ 0,1, ... ,n - 1. 
Then it easy to verify that 

J n — 1 

—A'l = AiAi_jAi+AiAiAi_^+ ■ ■ ■ + Ai_^Ai = ^(Al')fe. 

n-1 n-2 n-1 '^"'^ 



Thus the formula (|3.14p converts to 



JO 

A2AIB = - V(A?)fcS + A'l+'B-fa^' + A'l+'Ba2<y^' + A« — . 
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A similar formula holds for A2: 

n-l 

dt2' 



fc=0 

which can be rewritten using the action of U 



A2UAIB {UA1U-^)kUB + UAIB-fa^^ + U A'l+^ Bcj2(t^^ 



We next simplify the first term of this formula: 
Lemma 3.7 The following holds: 



(3.15) 



»-l ITT rlTJ~^ 

Y,iUA-U-%U = —A- + uJ2iA-), + UA-^U. 

k=0 ^ fc=0 ^ 



Proof: We shall prove this formula, using definition [ 

n-l 

j:iUA^U-%U = ^iUAiU-')UAi_^U-^ 

+UAiU-^^^{UA^U-^)U A^ . . . ^1 C/-1 + . . . (3^16) 



n-2 

+uM_^u-^^^{UA^u-^) 

n~l 

The common factor for all the members in the sum is -£^{UAiU^^), which may be evaluated as follows 

at2 dt2 dt2 dt2 

Inserting this expression into the formula (|3.16p we obtain terms of the following forms: 

1. UA^U~^j^A'l~''U-\ 

2. UA'{U~^U^U-^A"-''U-^ = UA'i^A'^-''U^\ 

i dt2 ^ ^ dt2 ^ ' 

3. uA'l^^UA'l-''U-\ 

But the sum of the first and third terms vanish, because: 

UA'IU-'^^A'^-''U-^ + UA\!^UA1~^U-^ = UA\{U-^^^ + ^U)Al-^U-^ 

= UA^,4fA'}~^''U-^ ' 

J- dt2 J- 

= 0. 
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And only the first (fc — 0) and the last elements (fc — n) of the sum remain. Thus we obtain the 
following formula: 

J2iUA-U-\U = —A- + UJ2iA-,), + UA--—U. 

□ 

We may proceed with calculating A2 on vectors of the form A"_B (spanning a dense subspace of 
H). From formula p.lSp . using lemma [57fl and expanding the formula for derivative, we obtain 

n-l 

A2UAIB =-J2 {UA'lU-^)kUB + UA'lB-fa-^ + UA'l+^Ba2a-^ + UA^-^BU 
= ^%A1B - U (^?)feS - UA^^UB 

fe=0 

+C/A?B7crf 1 + C/v4"+^Scr2CTf ^ + UA'IU-'^U^ + UA^U-^^^B 
= -^A^B + UA2A'IB + UA'l^^UB + UA^U-^^B 
^-^A'IB + UA2A-^B. 

Since we have been working on a dense set we may omit AiB to obtain: 

A2U = -^ + UA2 
A2^-§fU-^ + UA2U-\ 

And finally we conclude that on the dense set: 

' 41(^2) ^U{t2)Ai{t2)U~Ht2) 

A2 ^U{t2)A2{t2)U-\t2) + ^U-Ht2) 

[ B{t2) ^U{t2)B{t2) 

which is exactly the gauge equivalence of vessels. □ 
3.3 Transfer function of a conservative vessel 

Following the same lines as for a non conservative vessel, we perform separation of variables. Taking all 
the trajectory data in the form 

u{tiM) ^ux{t2)e^'\ 
x{ti,t2) ^ xx{t2)e^'\ 
y{h,t2) ^yxit2)e^'', 

we arrive at the notion of a transfer function. Note that as before ^2), ^2) satisfy PDEs, but 
'U'\(t2),yx(t2) are solutions of ODEs with a spectral parameter A, 

\(T2{t2)ux{t2) - CJi{t2)^^Ux{t2) + l{t2)ux{t2) = 0, 

\(T2{t2)yx{t2) - <yi{t2)i;yxit2) + i*{t2)yx{t2) = 0. 

The corresponding i/s/o system becomes 

Xx{t2) = {\I - Ai{t2))-^B{t2)(Ji{t2)ux{t2) 

x{ti,t2) = F{t2,T2)x{ti,T2) + J F{t2, s)B{s)a2{s)u{ti, s)ds 

yx{t2) ^ Ux{t2) ~ B*{t2)xx{t2). 
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The output y\{t2) — u\{t2) — B* {t2)x\{t2) may be found from the first i/s/o equation: 

Vx{t2) = S{X,t2)ux{t2), 

using the transfer function 

S{X,t2) = / - B*{t2){XI - Ai{t2))-^B{t2)Mt2)- 

Here A is outside the spectrum of Ai{t2), which is independent of t2 by (|2.3.Laxp . We emphasize here 
that S{X,t2) is a function of t2 for each A (which is a frequency variable corresponding to ti). 

Proposition 3.8 S{X, t2) = I — B*{t2){XI — Ai{t2))^^ B{t2)<Ji{t2) has the following properties: 

1. For almost allt2, S{X,t2) is an analytic function of X in the neighborhood of oo, where it satisfies: 

S{oO, t2) = Inxn 

2. For all A, S{X,t2) is an absolutely continuous function oft2. 

3. The following inequalities are satisfied: 

S{X,t2)*<Ji{t2)S{X,t2) = <Ji{t2), 5RA = 
S{XMT<^i{t2)S{X,t2) > (Ji{t2), 5RA > 

for X in the domain of analyticity of S{X,t2) ■ 

4- For each fixed X, multiplication by S{X,t2) maps solutions of 
Xa2{t2)u~ cri(^2)^ +7(^2)^ = to solutions of 

Xa2{t2)y - ^1(^2)!^ + l*{t2)y = 0. 
Recall [MVl ICoLe] that the fourth property actually means that 

S{XMM\t2,T2) = $*(A,t2,r2)5(A,T2) (3.17) 

for fundamental matrices of the corresponding equations: 

ACT2(y)$*(A,y,T2)-CTi(2/)^$,(A,?/,T2) +7,(2/)$,(A,y,T2) = 0, 

$*(A,r2,T2)=/ ^^•''^^ 

and 

Act2(2/)*(A, y, T2) - ai(2/)^$(A, y, T2) + liy^X, y, T2) = 0, 

<i>(A,r2,T2)=/. ^^-'^^ 

and as a result S{X,t2) satisfies the following differential equation 

^5(A, t2) = n^\a2X + 7,)5(A, ^2) - ^(A, t2)a^\a2X + 7). (3.20) 
Proof of Proposition [3.8t Those are easily checked properties, following from the definition of 5(A, t2): 

S{XM) ^I- B*{t2){XI - Ai{t2))-^B{t2)Mt2). 
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When X ^ oo, since all the operators are bounded the second sunimand vanishes and we obtain 
S(po,t2) — Inxn- Morcover, it will be a meromorphic function of A, when A > ||Ai(t2)|| and we 
obtain the first property. 

In order to understand the second property let us rewrite S{X,t2), using the zero curvature 
condition in the following way: 

S{X,t2) = I - B*{t2){XI - Ai{t2))-^B{h)ai{h) - 

= / - B*{t2){XI - F{t2,T2)Ai{T2)F{T2,t2))-^B{t2)ai{t2) = 
= I - B*{t2)F{t2,T2){XI - Ai{T2))-^F{T2,t2)B{t2)ai{t2). 

The functions B*{t2)F{t2,T2), F{T2,t2)B{t2), <Ti{t2) are absolutely continuous in appropriate spaces, 
thus their multiplication too and we obtain the second property. 

The third property is a result of straightforward calculations: 

S{X,t2)*ai{t2)SiX,t2)-ai{t2) = 

2^{X)ai{t2)B*{t2){XI - A|(t2))-i(A/ - Ai{t2))-^B{t2)cJi{t2) 

Here the sign of 5R(A) determines the sign of S'(A, t2)*cri{t2)S{X, 12) — cri{t2) and thus the third property 
is obtained. 

The fourth and the last property is a direct result of our construction. □ 

Remark: In the case B{t2) is a compact operator (in particular if dim£ < 00), ^(A, ^2) is a meromorphic 
function on C \ for all t2 ■ 

Definition 3.3 The class 

CI = CJ(cri,cr2,7,7*) 
is a class of functions S{X,t2) of two variables, which 

1. are Identity in the neighborhood of X = 00 for all t2, 

2. are absolutely continuous as functions of t2 for almost all A, 

3. satisfy: 

S{X,t2)*ai{t2)S{X,t2) = <Ji{t2), nX = 
S{X,t2)*ai{t2)S{X,t2) > ai{t2), nX>0 

for X in the domain of analyticity of S{X,t2) ■ 

4- map solutions of the input ODE i2.8\) with spectral parameter X to the output ODE \2. 9]) with the 
same spectral parameter (i.e., they satisfy the ODE i3.2(J\) ) 

4 Translation model 

Here we would like to present a model of a vessel that is the most convenient for solving realization 
problem in class CI. The same model was used in [LKMVj in the constant case. Let 

32J=(Al(i2),F(t2,T2),B(i2);CTl(t2),(T2(t2),7(i2),7*(i2);Ht,,£) 
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be a vessel associated to the system 

4^x{ti,t2) = Aiit2)x{ti,t2) + Bit2)aiit2)u{ti,t2) 

/S:<( x{h,t2)=F{t2,T2)x{h,T2) + /V(t2 , s)B(s)a2 (s)w(ti , s)ds 

yih,t2) = U{ti,t2) - B*{t2)x{ti,t2) 

with inputs and outputs satisfying compatibility conditions: 

<T2(i2)^u(il,t2) - Cri{t2)^u{h,t2)+-f{t2Hh,t2) = 

(^2 {t2)^yih M) - cTi{t2)^^y{ti,t2) + 7* {t2)y{t^ , ^2) = 

If the input u{ti,t2) = and the initial inner state x{ti,t2) = h,h £ Ht2, then obviously the function 
yhMti,s)= J e^*i$,(A,s,t2)B*(t2)(A/-Ai(t2))-'MA 

\X\=R 

is an analytic function of two variables ti, s, satisfying the output PDE with initial condition 

2/M2(ii,i2)-B*(i2)e^^(*=^)*^/j. (4.1) 

In other words, it is an analytic output of the system in this case. Let us denote the space of all these 
outputs as HtransM ^nd convert it into a Hilbert space by introducing the induced norm, namely 

The following operators can be considered on this space: 
Definition 4.1 

d ~ , . 

^1 = '■ 'Htrans,t2 ~^ 'Htrans,t2i -^(^2)^2) = Identity = I : 'Htrans,t2 ~^ T^trans,t'2- 

In the next proposition we show that all the definitions are legal. 

Proposition 4.1 1. The operators Ai,F{t2,t2) are well defined on the space 'Htrans,t2- ^- 
spaces HtransM '^''^ identical as sets. 

Proof: 1. Let us first consider the operator Ai. 

Ai{yh,t2ih,s)) = = ^ y e^''^4X,s,t2)B*{t2){XI - Ai{t2)r'hdX 

\\\=R 



= J Xe^*'^,{X,s,t2)B*{t2)iXI - Ai{t2))-^hdX = 

\\\=R 

= J e^''^4X,s,t2)B*{t2){XI-Ai{t2))-^[X-Ai{t2) + Ai{t2)]hdX 

\X\=R 

= j e^*'^,{X,s,t2)B*{t2){XI-Ai{t2))-^Ai{t2)hdX 



\X\=R 
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and since ^1(^2) is a bounded operator, Ai is well-defined. Moreover, we can also see this way that 
those operators are dual for the corresponding Hilbert spaces. 

Let us consider now the action of ^(^2,^2)- Since this function takes an element yh,t2{tijs) G 
'Ht2, trans and considers it as an element of TLt'^^trans, in order to find its norm one has to evaluate the 
function yh.t'^{ti, s) at y = t'2 and represent it in the form (|4.ip : 

yMi(ii,t'2) = S*(i2)e^^^*^^*^/i'- 
We claim that in the case of minimal systems, it is possible. Suppose that 

oc 
n=0 

Then we can evaluate the action of ^'(^2,^2) on yh,t2{ti,s) for h = Ai{t2)B{t2)<Ti{t2)e. In this case 
VKt'StiA) = j e^'''^,{X,t'2M)B*{t2){\I - Ai{t2))-^A^^{t2)B{t2)a^{t2)ed\ = 

\X\=R 

= j A"e^*i$,(A,i'2,i2)S*(t2)(A/-Ai(t2))-'B(t2)ai(t2)edA = 

\\\=R 

= j A"e^*i$*(A,i2,i2)S'(A,t2)efiA = by intertwining property 

\X\=R 

= j A"e^*i5'(A,i'2)$(A,i'2,i2)ec/A = 

\\\=R 

= j A«e^*^i?*(t'2)(A/-Ai(t'2))-ii3(t:,)ai(4)<i>(A,i'2,i2)edA = 

\X\=R 

= j e^*ii?*(t^)(A/-Ai(4))-iA^(t'2)i?(t'2)ai(i^)$(A,4,i2)edA. 

\\\=R 

Thus we conclude that 

h'= j (A/-Ai(t'2))-iA5'(4)B(4)ai(t'2)<f(A,4,i2)edA, 

\X\=R 

which is a well-defined element of 7i(^. Moreover, we can conclude this way that the operator ^(^2,^2) 
acts from Tit^ to Tit'^ one-to-one and since it is the inverse of itself, it is onto. Finally, in all sets the 
vector spaces Tit^ are the same for all t2- □ 

Proposition 4.2 The vessel 

aOJ = (Ai (^2), F{t2,T2), B{t2):, fJi (i2), 02{t2), 7(^2), 7* {t2);nt2 , E) 
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is gauge equivalent to the vessel 

~ d * 

= ( ^ , ^, {Eval I ti=0,t2 ) * ; O"! (^2 ) , (^2 ih), 7(^2 ) , 7* (^2 ) ; ^ta .trans , £) ■ 

Proof: Take the space Ht^, trans as above and the operators ^1(^2), -^(^2,^2) as m Definition 14. II Define 
the isometric map (via induced norm) 

U{t2)h = yh,t2{ti,s). 

In order to show that the vessels are gauge equivalent, it is enough to show that the conditions of the 
equation (|3.7p are satisfied. Clearly 

d 

U{t2)Ai{t2)h = yAi(t2)/i,t2(^i'«) = -g^yh,t2{ti,s) = Ai{t2)yh,t2i.ti,s). 

and 

(f/(t2)B(t2)e,2/h.,t2(ti,p))w,™,„,,, = {B{t2)e,U*{t2)yh,t2{ti,p))n,, = {B{t2)e,h)n,^ = 

= {e,B*{t2)h)-Ht^ = {e, Eval\t,=Q^t2yh,t2iti^P))nt^ 

since 

Eval\t,=Q^t2yh.t2iti,p) = Eval\t,=o.t2 J e^'^<t>,{X,p,t2)B*{t2)iXI - Ai{t2))~^hdX = 

|A|=i?, 

/ B*{t2){\I - Ai{t2))-^hd\ = B*{t2)h. 

\\\=R 

In order to show that F{t2,T2) = U {t2)F{t2,T2)U~^{T2), we shall Need more calculations. 

U{t2)F{t2,T2)U-\T2)yh,r2{tl,s) - 1/(^2 )i^(t2 , ^2)/^ = y^fe ,r2 )M2 = 

= F{t2,T2)yh,T2{tl,s), 

as desired. □ 

This shows that for every vessel there is a naturally built translation model, gauge equivalent to 
this vessel. 

5 Realization theorem 

5.1 Definition of the reafization problem 

In this section our aim will be a realization problem. In other words, we shall start from a transfer 
function S{X,t2) E CI, i.e., satisfying conditions of Proposition [3?8l 

1. For almost all t2, S{X, t2) is an analytic function of A in the neighborhood of oo, where it satisfies: 

5'(oO, t2) ^ Inxn 

2. For all A, S{X,t2) is an absolutely continuous function of t2. 
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3. The following inequalities are satisfied: 

S{X,t2)*<7i{t2)S{\,t2) = (Jl{t2), 5RA = 

S{X,t2)*(Ji{t2)S{\,t2) > (Ji{t2), 5RA > 
for A in the domain of analyticity of S{X,t2). 

4. For each fixed A, multiplication by S{X,t2) maps solutions of 
Xa2{t2)u — o'i(<2)^ + 7(^2)^ = to solutions of 

X(T2{t2)y - (Ji{t2)^ + i*{t2)y = 0, 

and shall build a vessel with the very transfer function, using the translation model. 
The vessel that we are going to build will be denoted in the following way: 

3V0={A^{t2),F{t2A).B{t2)]<Ji{t2),<72{t2)n{t2),l*{t2)\'Ht,.£). 

which will have as its transfer function the given S{X,t2). 



5.2 Construction of the Vessel 

Building of Htrans,t2: ^1(^2), B{t2): For the given S{X,t2) we can realize it jBj for each t2 as 

S{X,t2) =1- B*{t2){XI - Mh)r^B{t2)ai{t2) 

satisfying 

Mh) + Al{t2) = ~B{t2)ai{t2)B*{t2). 

for an abstract Hilbert space 7^*2 • Let us for every element h e Tif^ define an element u/i.f2(ii,s) of a 
new Hilbert space H-transM as: 

VhMih.s)^ J e^'^^,{X,s,t2)B*{t2){XI-A^{t2))-^hdX, 

\\\=R 

VhMih,t2)^e^^^'-^''B*{t2)h. 

Here R > \\Ai{t2)\\ and <i>,(A, s, was defined in (|3.18|) . The norm for this element will be the range 
norm Hw/i.tal^i, s)||-Ht™„a,t2 ^ WHut^- The operators ^1(^2) : HtransM ^ T-itransM and 
B*{t2) : V-transM ~* £ are as follows: 

B*it2)vh{ti,y)^Vh{0,t2), 
which by construction will satisfy the first colligation condition (|3.3.Colip . 

Definition of F{t'2,t2). This operator acts as the identity operator from HtransM to Htrans.t' ■ It 
means, in particular, that we have to show that as linear spaces, the spaces Ti-transM are all the same. 
By the minimality of the vessel we work with the vectors h — Ai{t2)"B* {t2)e (of the dense set). So, 
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let us start from an element Vh,t2{ti,s) of the space HtransM with h = Ai{t2)"'B*{t2)(7i{t2)e, then 
F{t2it2)vh,t2{ti, s) is the same function, but considered in the space Hfransyt'^' 

Vh^itus) = f e^*'M\s,t2)B*{t2){XI - Mt2))-^h]dX 

A| = fl 

= / e^'^<^4X,s,t2)S{X,t2)e]dX 

' |A|=i?: 
= using condition (4)! 
= / e^*i5(A,s)$(A,s,i2)e]dA 

= J e^'^B*{s)iXI - A,is)r^B{.s)a,{t2MX,s,t2)e]dX 

' \\\=R 

= J e^'^B*{s){XI-Ms))-^Ms)''B{s)ai{t2MX,s,t2)e]dX 

\\\=R 

where h' can be evaluated from assigning s = t'2 it^ the last expression (using the definition) and thus 
h'= J (AJ-^i(t^))-iA?(t^)B(t^)ai(t^)$(A,t^,i2)edA. (5.1) 

\\\=R 

Let us see what this formula means in the language of the reproducing kernel Hilbert spaces, introduced 
in the definition of 'Ht2,trans- According to that theory, 

a,{t2)S{^,,t2) -S{X,t2)a,{t2) ^ ^^^,^^B*{t2){XI - ^.(t^))-^^/ - A,{t2))-'B{t2)a,{t2) = (5.2) 
A + /i 

^ A (f \ 

= a,{t2)B*{t2){XI - Ai(<2))-^- V -^^B{t2)a,{t2), (5.3) 

^fe=o ^ 

where we actually look at this expression as a function of A for each fi fixed. Afterwards, linear expres- 
sions are taken for different /u's. Now define an isometric isomorphism T from this space to trans 
by: 

T{t2)[B*{t2){XI - Ai{t2))-^h] = f e^''<i>,{X,s,t2)B*{t2){XI - Ai{t2))-'hdX 

J\\\=R 

with the range norm. Then we shall try with the help of this map to find how the operator F{t2,t2) 
acts on the kernels (i.e., on the functions of A of this specific form). We shall actually evaluate 

* \rru yr(^i{t2)S{n,t2) - S{X,t2)ai{t2), 



T-\t'2)F{t'2,t2)T{t2)[- 



X + ii 
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From the decomposition (|5.3p we evaluate: 

= ^i(*2)^^T^ / e^*^<i>4A,s,t2)5(A,t2)dA = 

00 „ 

= ^i(^2)V^-Y / e^*iB*(s)(A/-^i(s))-Mi(s)'=B(s)ai(s)$(A,s,t2)dA 
k=o ^ ^l^l=« 

00 

Suppose now that $(A,s,i2) = X! ^^'^3^2)^% then the last expression becomes: 



^i(*2)5I^ / e^*ii?*(s)(A/-Ai(s))-iAi(s)'=i3(s)ai(s)^$*(s,i2)A'dA 

CO 00 ^ 



e^*i (s) (A/ - (s))-Mi (s)'=+*B(s)cri (s)$' (s, i2)dA 



Now we evaluate the action oiT^^{t'2)F{t'2,t2) = ^"^(^2)- For this is, we have to apply evaluation 
at {ti, s) = (0, and in this way obtain the vector of H. Then, we shall insert B*{t'2){XI — ^1(^2))"^ 
without integral and e'^"^, which is the mapping back to the RKHS: 



00 00 

^1(^2) E ^ E B*(t'2){\I - A,(t'2))-'A,{t'2f+^B{t'2)o,(t'2W{t'2M) = 

00 

= ai(t2)S*(t'2)(A/-Ai(t'2))-i(A.J-Ai(t'2))-i^Ai(t'2rB(t^)ai(t^)<i>Xii,i2). 



i=0 

To conclude, 



-V+Mp^^' + \^f^ ^f Cri{t2)S{p,t2) - S{X,t2)ai{t2) 



4=0 
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5.3 Properties of fundamental matrices $^,(A, ^2)' "^(-^i '^2, ^2) 

Let us remember first the definitions of these matrices. They were defined as the fundamental matrices 
of the corresponding ODEs (|3.18[) 

\<j2iy)^4>^,y,4) - ffi(y)^$,(A,y,i^) + 7*(y)**(A,2/,i§) = 0, 

and (|3lJ)) 

Xa2 (y)$(A, y, t°) - (y)^<i>(A, y, 4) + jiyM\ y, 4) - 0, 



Proposition 5.1 The following formulas are correct 

a^{t2Mx,h,4) = m-'*{-~x,h,4)'Ti{4)- 

Proof: we start from formula (|3.18p and conjugate it: 

X{^.nX,t2,tl)a2{t2) - ^^{{<^*nX,t2,4))'^i{h) + (A, 2/,t°)7(i2)* = 

or 

^(<i>*)*(A,i2,i^) = ($*)*(A,t2,t^)[Aa2(t2) +7(i2): - ^^l(t2)]^7l(i2)^^ 

and taking the inverse: 

J-(<i>.)-l*(A,t2,t^) - [~~Xa2{t2) - J{t2)l + ^ai(t2)]^l(i2)-^(<f>*)"'*(A,i2,t^). 

On the other hand, formula p.l8p may be rewritten as 

i;{a^{t2)MX,t2,q)) = 

{Aa2(t2) - li{t2) + ^ai(t2)}<f*(A,y,t^) = 

{Aa2(t2) - YM) + ^<Jl{t2)}'yiHt2)^l(t2)MX,t2,4). 

From the last two formulas we easily conclude that cri(i2)*i'*(A, <2, ^2) ^^'^ (^*)^^*(~A, ^2, ^2) linearly 
dependent, and using the initial condition, we find that 

^i(t2)$*(A,i2,t^) = {<^.r'*{-X,t2,4}ai{4). 

The formula for ^{X, ^2,^2) proved in the same way. □ 

Proposition 5.2 The following formulas are correct 

i2, t^)fTi(t2)$*(A, t2,t°)] = (A + t2, i^)a2(t2)$*(A, t2, i^), 

J^[<I>*(M,i2,i^)cTi(t2)<i>(A,t2,t§)] = {X + ^l)^*{^,,t2,t°,)a2{t2mX,t2,t^,). 

Proof: This is a rather technical result: straightforward calculations, using differential equations p.l8|) 
and dsn]). □ 
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5.4 Proof of vessel conditions 

The first colligation condition we have obtained from the realization theorem for each t2. Now we are 
going to show that all the other conditions holds too. 
Second colligation condition. This condition is as follows: 

J-(F*(t2,t°)F(t2,i^)) - ~F*(t2,t°)B{t2)a2(t2)B*{t2)F{t2,t'2). 

Take an element of the dense set hf.a — A"(i2)S(i2)'''i(^2)^j ^ ^t^'' then it is sufficient to prove that 

{<J2{t2)B*{t2)Flt2,4)y^^ {h,s), B*{t2)F{t2, 4)vh^„ {tl,s))£. 

So, we concentrate on the left side 

^11 / iXI-A,{t2))-'AUt2)Bit2)a^{t2MX,t2A)eJdX\U^^ 
^11 / iXI-A,it2))-'y^B{t2)a^it2MX,t2A>,dX\U,^ = 

\X\=R 

^( / (XI - A,{t2))-'X^B{t2)a,{t2MX,t2,4)ejdX, 

\X\=Ri 

J {p^I - A,{t2))-^ii''B{t2)a,{t2mpiMAyjdlJ^\\n,, = 

/ / A"/2"(ai(t2)S*(i2)(/i/-At(t2))-HA/-^l(t2))-li?(t2)fTl(t2)x 

$(A, t2, tl)e,, t2,4)ej)£dXdfi = 

^ / / x W*^''''^"'^'f}-'''^~"'^'^^ 

|A|=_Ri |/.|=_R2 ^ + 

a r r .n r,n I S* (M, 4)K {f^,t2, {t2)^* (A, t2 , t°)5(A, ^0) 

at; J J A /I ( — — ej,ej)£dXdn+ 

|A|=_Ri |m|=_R2 Ai-// 

r r ,„-„, 1>""(M,^2,t°)aift2)'&(A,t2,t^) _ 
at; J J X fi { -j-^ ej,e.j)£dXdn - 

a r r vlI/ ^*V:^2)^:(A^,^2,t°)ai(t2)$.(A,^2,^^)^(A,^°) 
at; J J A /I ( — — ej,ej)£dXdn = 

|A|=_Ri |/^|=_R2 

Now we can differentiate to obtain: 

= / / A"Ai"(^*(M,t§)$:(A^,i2,i^)a2(i2)$*(A,t2,i^)5(A,ig)e„e,)£dAd/i, 

|A|=_Ri |Ai|=i?2 

where we have used the property of Proposition [^21 

For the final result, reversing now the operations we have done before, we obtain that the last 
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expression is: 

= / / A"/2"(^*(A*,i^)<i>:(Ai,i2,t^V2(t2)$*(A,i2,t§)5(A,t0)e„e,)£dAdM = 

A|=_Ri \fj.\=R2 

= J J \"^l^{'P*'"{^l,t2,4)s*{^l,h)a2{t2)S{x,t2)^\h,4)e,,e,)£dXd^i = 

\\\=Ri \ti\=R2 

= J J A"/2"(a2(t2)^(A,t2)$(A,t2,i§)ej,5(M,i2)$(M,t2,i^)ej>£dAdM = 

A|=_Ri |m|=-R2 

= / / A"/l"(a2(t2)B*(t2)(A/- Ai(t2))-lB(t2)(Ti(i2)*(A,t2,t^)e,, 

A| = fli |/i|=i?2 

B*{t2){^lI ~ Al{t2))-^B{t2)alit2M^l,t2,t9.)e,)£dXd^l = 

= ((72(t2) / B*it2)iXI-Ai{t2))-'B{t2)c7iit2M\,t2,4)e,, 
|A|=i?.i 

/ B*{t2){^iI - Ai{t2))-^B{t2)ai{t2Mfi,t2,4)ej)£dXdfi = 

= ((72 {t2)B*{t2)vhiti,s),B{t2)*Vh{ti,s))£, 

since the integral of an analytic in A function vanishes 

I J iX^p''{a2{t2MX,t2,4)ej,<^{fi,t2,t°)e,)£dXdfi = 0. 

\\\=R \tJ.\=R 

Leix equation is as follows: 

Fit2A)M4) ^ Mt2)F{t2A)- 

In order to prove it, apply two sides of the equation to an element Vh{ti, s) to obtain 

F{t2,4)Ai{4)vhih,s) ^ v^^^^ojius) 

and 

Alit2)F{t2,t^2)'"hitl,s) ^ Aiit2)vh{ti,s) = ^Vh{ti,s) = 

-Jr / e^'^'P.{X,t2,4)B*{4){XI-A,{4))-^hdX^ 

\X\=R 

= J Ae^*i$»(A,t2,i!])S*(t^)(A/- = 

|A|=_R 

= / e^''^,{X,t2,f2)B*{t°2){XI-Ai{t'i))-^Ai{4)hdX 

|A|=_R 
= "Ai(t!J)h(^l: ^2), 

we have added and subtracted to obtain 

J e^''^,{X,t2,4)B*{4) {XI -Ai{4))-^Ai {tl)hdX. 

\\\=R. 

Linkage condition. It is a standard result [NFl IBGR] of the theory of inner functions, that 
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Differentiating the formula ^(A, t2) = $*(A, t2, t2)S{X, tg)^ ^(A, t2, ^2)5 "^e shall obtain: 

lim ^S{X,t2)= lim ai{t2)-\<J2{t2)X + jt{t2))S{X,t2)- 

A ►00 A — ►cxD 

lim S{X,t2)ai{t2)-H'^2{t2)X + Y{t2)). 

A ^00 

Finally, inserting the realization formula for S{X,t2), we obtain: 

= CTl{t2)-\(T2{t2)B*{t2)B{t2)ai{t2) + 7) " (Tl{t2)-\(T2{t2)B* {t2)B{t2)ai{t2) + 7*)> 

from which the linkage condition is obtained: 

7*(i2) = 7(^2) + {<J2{t2)B*{t2)B{t2)<Ji{t2) - <Jl{t2)B*{t2)B{t2)<J2{t2)). 

A similar formula will be correct for the model operators too, because of unitary equivalence. Namely, 

7*(i2) = 7{t2) + (T2{t2)B*{t2)B{t2)<Ji{t2) - <Jl{t2)B* {t2)B(t2)G2{t2)). 

Input vessel condition: 

■^{F*{t2A)B{t2)0l{t2)) - F*{t2,t°2)Mt2)B{t2)a2{t2) + F*{t2,4)B{t2)Mt2) = 



can be checked using bilinear forms. For this we shall take an arbitrary element Ai{t2)B{t2)(Ti{t2)e 

^^{F*{t2A)B{tMt2),A-,{4)B{t2)a,{4)ey 

(^^*(t2,t^)Ai(t2)B(t2)a2(i2)+F*(i2,t§)B(t2)7*(i2),^?(t^)S(t2)ai(t^)e) = 

^^{Bit2)a^{t2),F{t2A)Aii4)B{t2)ai{t^2)e) + 

(-Ai(i2)S(t2)fT2(t2) +-B(i2)7*(i2),F(i2,i^)Ay(f0)S(f2)(7i(t^)e) = 
Jj(B(t2)ai(t2), / A"(A7-^i(t2))-iB(t2)<7i(t2)$(A,i2,i^)erfA)+ 

|A|=_R 

{-At{t2)B{t2)a2{t2) + B{t2h*{t2), J X"{XI - Ai{t2))-'B{t2)ai{t2MX,t2,4)edX) = 

|A|=fl 

^{cTi{t2), J B*{t2)X^{XI - A^{t2))-^B{t2)<J^{t2m\t2AydX)- 

\\\=B, 

(a2(t2), / B*{t2)X--+\XI - A^{t2))-^B{t2)cT^{t2mX,t2A)edX) + 
\\\=R 

(7*(<2), / B*{t2)X^{XI^Ai{t2))-^B{t2)<Ji{t2mXMA)edX) = 

\\\=R 

-^(^i(*2), / X^S{X,t2M\t2AydX) + {a2{t2), J X^+'S{X,t2MX,t2,4)edX)- 

\\\=R |A|=fl 

-(7*fe), / X^S{X,t2MX,t2,4)edX) = 

\\\=R 

-^(^i(*2), / X^^4X,t2,4)S{X,4)edX) + {a2it2), J X"+'M^,t2,4)S{X,4)edX)- 
\\\=R \M=R 
-h4t2), J X"'S>,{X,t2,4)S{X,4)edX) = 

\\\=R 

/ X^[^{a,{t2)M>^,t2,4))-{X<j2-f:{t2))'f*{Kt2,4)]S{X,4)edX) = 

\X\=R 

(J, / X"[-ai{t2)^M>^,t2,4) + {^'^2 + l*{t2))M>^,t2,4)]S{X,4)edX)=0, 

\X\=R 



31 



because it is the differential equation for <i>*(A, ^2, ^2) (EHH)- 
Output vessel condition in the integrated form is the following 

Let us use the formula for F{t2, 12). Then the last formula becomes: 
^( / (A/-Ai(tO))-ii?(t^)ai(t^)<i>(A,t§,<2)edA) + 
f (A/-Ai(t^))-iB(t^)ai(t0)$(A,t0,<2)^i(t2)-MA^T2(t2)+7(i2)]edA = 

\X\=R 

[^$(A,iO,i2) + HKtlt2)ai{t2)-\Xa2{t2) + l{t2))]edX = 0, 

which is true because 

$(A,i°,i2) = *(A,i2,i^)-' 

and from (jXTg]) 

■^MX,t"2,t2) + HX,t°,t2)ai{t2)-\Xa2{t2)+lit2)) = 0. 
at 2 

We have thus showed that all the vessel conditions are fuUfiled. 
5.5 Regularity 

We shall show first that F{t2,t2)B(t2),F*{t2,t^)B{t2) are absolutely continuous. It is necessary to 
show that the obtained operators satisfy the conditions of assumption 12.21 So let us check the norms: 

F{tlM)B{t2)= j (A/-Ai(i^))-ii?(i°)ai(i°)<i>(A,t^,t2)dA. 

This must be an absolutely continuous function of t2 for all t'^. But 

\\F{tlM)B{h) - F{tlai)B{a,)\\ = 

II / (A/-Ai(tO))-ii?(tO)ai(t^)[<I>(A,tO,6,)-$(A,t§,a,)]dA|| < 

/ \\{XI~A,{tl))-^B{tl)aMm\tlM)-HXA.'^^)]\\dX< 

J ' II (A/ - Ai(tO))-ii?(tO)ai(i^)|| II [$(A, to, h) ~ $(A, tl a^dX < 

J ||(A/- Ai(t^))-ii?(t^)ai(t§)||dAsup||<i>(A,iO,6,) - $(A,t^,a,)|| 

\X\=R > 

Since $(A,i^,t2) is an entire function of A for a fixed t2 , and is an absolutely continuous function of t2 
for a fixed A, we claim that 

sup||$(A,i^,6,)-$(A,t^,a,)|| < e 



32 



will be as small as desired, provided \bi — ai\ < 6. Indeed, 

sup ||$(A, 4, hi) - $(A, t%, ai)\\ = sup II / $(A, t%, s)a^\s) (a2(s)A + i{s))ds\\ < 

A X ai 

< sup / ||$(A, tl,s)a^\s) (a2(s)A + 7(3)) < 

A ai 

hi hi 

<sup/||A$(A,i^,s)ari(s)a2(s)||ds + sup/||$(A,t^,s)<7ri(s)7(s)||ds< 

A ai A Oi 

< sup I! A$(A, t^, .)ari(s)|| / ||a2(s)||ds + sup ||cl>(A, iO, s)ar^(s)|| / ||7(s)^^ 

< isr(6j - ai) < e, 

since ^{\,t2,s)ai^{s) and A<&*"(A, tj, s)^^ ^(s) are continuous in two variables and are considered on 

hi bi 

the compact space O x [t2,t2] and / ||cr2(s)|| and / ||7(s)||rfs exists and are as small as \bi — ai\. 

ai ai 

The other multiplier is constant: 

J ||(A/ - A,{4))-'B{4)a,{4)\\d\ < 00 

\X\=R 

and thus the absolute continuity is obtained. 

Boundedness of F{t2,t2)- We shall use here the Gronwall formula, saying that 



< c{h)\\ha =^ \\h{h)\\ < exp[ r c{y)dy]\\h{4)\\. 

«I2 Jt° 



rt2 

Using the second colligation condition for ht^ = A^{t2)B{t2)<Ti{t2)ej G Tit^' we obtain that 
^Jht^U^ = \\a2{t2)B*{t2)ht,,B*{t2)htAn,^ = {B{t2)a2{t2)B*{t2)hM]{l 
and in order to use the Gronwall formula it is enough to prove that 

\\B{t2)a2{t2)B*{t2)\\H,^ < C{t2) 

for a continuous c{t2)- We shall do it by the definition: 



\\B{t2)a2{t2)B*{t2)\\n,, = sup 

but 



\\B{t2)a2{t2)B*{t2)ht,\\n,, 



\\B{t2)a2it2)B*{t2)ht2\\^^^ ={B{t2)(T2{t2)B*{t2)ht,,B{t2)a2{t2)B*{t2)ht2)H, 

{B*{t2)B{t2)a2{t2)B*{t2)ht„a2{t2)B*{t2)ht,)H,, < 

\\B*{t2)B{t2)\\{a2{t2)B*{t2)ht2,a2{t2)B*{t2)ht2)H,, < 
||S*(i2)S(t2)||||a2(t2)||^||B*(i2)/lt.||?,, . 
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Thus 

\\B{t2)a2{t2)B*{t2)han,, ^ 

sup 7- r < 



1/2 



<\\B*{t2)B{t2W/-\W2{t2)\\ sup ^ \ ' / ^ = 

= ||i?*(i2)i3(t2)ir/^|k2(t2)||||S(t2)||. 

But we can use here that ||i?(t2)|| = ||S*(<2)||- On the other hand, 

\\B{t2)e\\' - {B{t2)e,B{t2)e)n,, = {B* {t2)B{t2)e, e)^ < \\B* {t2)B{t2)\\\\e\\l 
FinaUy, we conclude that 

\\B{t2)a2{t2)B*{t2)ht,\U^ 
sup ,77—11 < \\B {t2)B{t2)\\\\a2it2)\\ 

but each element B*{t2)B{t2) is actually 5'o(i2)ci(i2)~"'^, where 5*0(^2) is the first coefficient of the infinity 
expansion of S{X,t2) — I. Thus 5o(t2) is a continuous function. Thus 5*0(^2) o'i(t2)^^ is a continuous 
function and finally B*{t2)B{t2) is too. Thus we have proved that 

Mht2\\n,2 = {^2{t2)B*{t2)ht2.B*{t2)ht2)H,2 = {B{t2)(y2{t2)B*{t2)ht2.ht2)n,2 < 
< \\B*{t2)B{t2)\\\W2it2mht2\\H., 

and taking 

c{t2)^\\B*{t2)B{t2)\\\W2it2)\\ 

we obtain the desired result. 

Part II 

Triangular forms and multiplicative 
integrals 

In the fundamental paper of M.S. Brodskii, M. Livsic |LiB| it is established a very special (and useful) 
form for an operator A e B{H) having "small,, imaginary part, i.e., dim(yl — A^,) < 00. Denoting 
£ = Ti and representing the operator 

^— ^/ = J(/,e)e (/eH,ee£:,J = ±i), 
there is defined characteristic function 

w{\) = I -i{{A~ XI)-^e,e)J. 

For example, a simple operator 

Aof^Xof, (/e7^o,dim7^o = l,5Ao^O) 
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has characteristic function wq{\) ~ xZ\" ■ This function wq{\) maps upper half plane (of C) conformally 
to D — {z £ C \ l^l < 1} or to C\D, depending on the sign of Im Aq. 
Second important example is the operator 

Aif^tf f{t)dt, {Q<x<LJeL\0,L)), 
Jo 

whose spectrum is A = 0. This operator has characteristic function 

wi{\) — e~ 

and has essential singularity at the point A = 0. These two operators (or their analogues to our setting) 
are the building "blocks,, for constructing a model for any operator Ai{t2)- Performing cascade con- 
nections of operators, one will obtain [MVj an operator, whose characteristic function is multiplication 
of the original ones. Also the converse holds, finding an invariant subspace for A and for A*, one can 
cascadly decompose the operator and represent its characteristic function as a multiplication of charac- 
teristic functions of its cascade ingredients. The highlight of this theory is that finding a maximal chain 
of invariant subspaces one can prove that any operator in this class has a triangular model. In this 
model H = Hi(BH2, where 

Hi^f = {(q) = (co, C2, . . .) I ^ |c,|2 < CX3}, H2 = L^[0, L] 

and A is cascade connection of Ai e B{Ti.i),A2 G H2, defined by 

00 

(Aic), = (A,c, + I J2 c^Hfcjn*, 

A2f{x) = f{x)c{x) + 1 /; /(t)n(t) jn* {x)dt. 

for some explicitly defined 11^, Ii{t), satisfying 

Hfcjn;: = 23a,, tr(n*(x)n(a;)) = 1,0 < x < X. 

and continuous from the right c{t) function. The result of this construction is that the corresponding 
characteristic function has the form 

ttA^ n(t)jn*(a;) ^ ^ 

A - A^ 7 A - c[x) 

This means that its integral part W2{X) = exp(i jj" ^'^*)^^^(^J^^^ dx) can be represented as a function of 
two variables 

/\ ^ r T n(t)jn*(x) , . . ^. 

W2(A, s) = exp(i / — -A-^dx), (5.4) 

which satisfies 

d . n(.)jn*(.) 

a;^2(^'^)-*^3^^2(A,.). 
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Following these ideas we present first finite cascade connections of vessels (see |MV| for its def- 
inition). Let S{X,t2) G CI be an n X n matrix-function that maps solutions of the input differential 
equation with the spectral parameter A 

cr2-^u- ai—u + "/u ^ 0, (5.5) 

Oti Ot2 

to the output differential equation with the same spectral parameter A 

d d , , 

CT2^y-cri— ?/-h7*y ==0. (5.6) 

Oti Ot2 

This can be written |MV| by means of fundamental matrices of the input ^{\,t2,t^) and of the output 
$,(A,t2,t2) ODEs. Namely: 

5(A, t2m\, t2A) = **(A, ^2, tl)S{\ tl). (5.7) 

The corresponding conservative vessel is a collection of operators and spaces 

QJ = (Ai,yl2,S;a-i,(T2,7,7,;7Y,£), 

such that Ai,A2 G B{'H) and B £ B{£,T-C), which are all functions of t2 satisfying the following axioms: 

^A,^A2A,-A,A2 

Ai + Al + BaiB* = 

A2+A*^+ B(J2B* = 

-£{Bai) - AaScTi + AiBa2 + B7 = 

^(Sai) + AlBa^ - A,Ba2 - ^(7** + ^,<Ji) - 

7 = a2B*B(Ji — aiB*B(j2 + 7*, 

<^l=cr'i, CT2=crJ, 3?7 = 5R7, = -JjCTi. 

Performing coupling of such vessels, one can obtain a new vessel with transfer function, which is the 
product of all the previous |LKMV| . The new inner Hilbert space is the direct sum of all inner spaces. 
In this manner one obtains the matrix function as a product of simpler ones. 
The converse of this process is our main interest. 

We suppose that the regularity as sumptions \ 2.^ are slightly more restrictive, namely, that all the 
absolutely continuous conditions are replaced by continuous derivatives conditions. 

given a function S{X,t2) satisfying (15. 7p . can it be written as a finite product of "elementary" 
vessels (="bulding,, blocks in Livsic-Brodskii setting)? We specify exactly what elementary means. 

Definition 5.1 A vessel 03 is elementary if the spectrum of Ai is a single point. 
Suppose that we are given a vessel 03, such that 

Al = zi, 

where zi is a point of the spectrum. (We allow repetitions of spectrum points.) 
The first simple vessel will be 

23, = (A},Ai,Bi;(7i,a2,7i,7i*;W = C,£) 
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where Bi is a solution of the following differential equation with the spectral parameter zi : 



Zi<J2U — (Ti — — U + 7U = 

and (for 6i{t2) an arbitrary differentiable real valued function) 

71 =7, 

7i* = 7i + cr2BlBiai — aiBlBia2- 
Notice that the characteristic function of the vessel QJj. is 

S^{\,t2) = I + Bl{\I + A^)-^B^a^=I + Bl{\I + zi)-^B^a^. 

Define next vessel 

= {A\,Al,B2;c7u(J2,i2,i2*;'H = C,£), 
where B2 is a solution of the differential equation with the spectral parameter Z2 

d 

Z2<J2U - ai——u + 72M = 0, 

Ot2 

and for any real valued differentiable function 62, 

Al = Z2,Al = -§^^+ie'2{t2), 

72 = 71*, 

72* = 72 + <y2BlB2<Ji — aiBlB2CF2- 

Notice that coupling the vessels 2Ji and QJ^ one obtains a vessel QJ^ V QJj. with the corresponding 
characteristic function 



5<rj.vaj,(A,t2) =I+[Bl B^ ] {XI + 



zi 
-B2criBl Z2 



r 



B2 



Definition 5.2 Define recursively the following vessels (for 2 < i < n): 

QJi = {A\,Al Bi, Ci, I; ai, era, 7i, 7»; W = C, S) 
where Bi is a solution of the differential equation with the spectral parameter Zi 

d 



and 



Zia2U - a\ ——u + jiU = 

Ot2 



A\ = Zi,Al = -^0^ + iei{t2), 
7j ~ 7(i— 1)*) 

7j* = 7i + o'2-B*Bj(Ti — criB*Bia2- 
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Remarks 

1. Notice that there is no additional condition on S^'s, but in order to perform infinite coupHngs at the 
next stage, we demand that 

tr {aiit2)B{t2,s)Bit2,sy) = 1 

ensuring control of convergences. 

2. The operator A2 can be defined on the dense set A^B in a very specific way 



A2AIB = -^^Ai A1...A1B-A1 ^Ai A1...A1B-A1...A1 ^AiB+ 
+A?B7af 1 + A'l+^Ba2aj:^ + A'l^B. 



3. The characteristic function of the final vessel is 



5'<IJ„v...vQ3i(A,t2) — -S*' 



2Ia 



(5.8) 



Another conclusion from the coupling construction is the following. 
Theorem 5.3 Coupling N simple vessels, defined by definition \5.S\. the vessel 

QJ = ( Ai , v42 , 5; cri , (72 , 70 , 7w* ; W = ©iliC, f ) 

is obtained, whose characteristic function is the multiplication of all simple characteristic functions. The 
corresponding operators are 



B = 



Bi 
B2 

Bn 



Ai = 



Zl 








■ 


B2CJIBI 







• 


BsaiBl 


-BsaiB^ 


^3 


• 


Bn<yiBl 


— Bn^iB^ 


— BnCTiB^ ■ 





and A2 can be defined in the following way: 

iO[{t2) 



A. 



' 2BiaiBi^ 

— 32(72^1 



■B2<72-B2 * 

2B20'i B^ 



ie'^(t2) 



'Bn<J2Bl 



-Bn'J2B2 



(5.9) 



Notice that formula (|5.8p is equivalent to (|5.9p . which is an interesting fact by itself. 
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6 Construction of a vessel with the discrete spectral data of Ai 

At the first stage, we would like to build a vessel which maps solutions of the input ODE to a certain 
output ODE with the same spectral parameter A, having operator ^1(^2) with the discrete part of the 
original ^1(^2)- Let the initial ODE with the spectral parameter A be of the form 

d 

Xaiu - cF2-^u - ■jo{t2)u = 0, 
012 

where CTi, CT2, 70(^2) G B{£). Suppose that A^''^ is the discrete spectrum that we want to obtain for the 
operator Ai in the final construction. This will be achieved by the coupling of elementary vessels in the 
following way 

Definition 6.1 The discrete spectral data are {A^'*^} and the discrete auxiliary data are {b'^'^^}, 
where 6^''^ is a dim(£) x 1 matrix function, satisfying: 

a^bWxW _„^^b<^h) ^^^^^^^jj{h) ^ 0, 

J2hLi b'^^>aib^^'> < 00 for N ^ 00. 

Notice that each step in the finite coupling is constructed from the previous one using the following 
recurrence formula 

Ih+i =-fh + <J2b'^''h^''>ai - ai6('')5('*)V2. 

In order to build the final vessel (see theorem 16. ip we define the inner Hilbert space Ti ^ P with the 
usual inner product of P. Then, for an arbitrary vector (wh)ft^i G we define the operators of the 
final vessel Ai € B{H),B* G B{n,£) as follows 

iVh) = A,{vn), where y„ = - E^^i bC'^aib^^hj + X^^hn, 

Notice that from the definition of B* we can find B using the uniqueness of the adjoint of an operator. 
Theorem 6.1 The following set 

2J = (Ai, ^2, B; ai , (T2, 70, 7^^; H = ^^ 
with Ai,A2,B defined above for 7^^ — lim 7/1 is a conservative vessel. 

h — ^CJO 

Proof: It is possible to build a vessel in the integrated form with the transfer function 5(A,i2). This 
vessel is _ _ _ 

V = ( Ai (^2 ) , F, 5(^2 ) ; CTi , (T2 , 7; Ht, ; £) , 

where Tit^ is a family of Hilbert spaces (for each ^2) and F is an involution semi group. The construction 
of this vessel provided an operator 5* — V F*F, which acted on a chosen Hilbet space Tijo . In this manner 
a unitary operator U{t2) ■ — > 7Yt2, which is defined by 

U{t2) = ^it2)F{T2,t2), 

enables identification of all the Hilbert spaces Ti.t2 with the chosen one Ti^o . This was a crucial step in 
construction of an equivalent vessel in a differential form with the same transfer function in section [221 
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Suppose now that we have built for a colligation C with Ai = A-i{t2),'H = HfO, then from the 
vessel condition 

Ai{t2) = Fih,4)AiF{4,t2) 

we obtain that the chain Qa is mapped by ^"(^2,^2) to a maximal chain of >li(<2)-invariant subspaces in 
'Ht2- Applying the unitary operator U{t2), we obtain another maximal chain Ga{t2) of ^'(t2)^i^(i2)~^- 
invariant subspaces in H 

Now one immediately sees that the one-dimensional space Gi consists of an invariant vector vi for one 
value of the spectrum Ai. Moreover, '^{t2)vi is an invariant vector for Ai{t2) for the same spectral value. 
Projecting on the space Gi(t2) for each t2, we obtain a vessel with one point spectrum and transfer 
function Si{X,t2)- Defining further S^{X,t2) = S{X,t2)Si{X,t2)^^ , we obtain a vessel with one discrete 
point spectrum less by one comparatively to the original vessel. I we continue in this manner while all 
the discrete points disappear, we shall obtain a transfer function 



N 



S%X,t2) = S{X,t2)]JSi{X,t2)~\ N is finite of 00 
with a purely continuous spectrum. □ 



7 Further construction of vessels for the continuous spectral 
data of Ai from the initial vessel with associated 'y^ 

Suppose now that we have a vessel with purely continuous spectrum. It means that for there exists 
c(s) - continuous from the left scalar function and /3(t2, s) such that 

SiX,h)=J^ exp( )ds 

and there corresponds a triangular model with H = L'^^{0,L;Cp) and (for each 

m e n) 

Mm) = -J^P{4,t)a,p*{4,s)f{s)ds-c{t)m, 
B*{m)=J,''P{4,s)f{s)ds. 

Suppose also that we have constructed a conservative vessel 

V = (Ai(i2), F{t2,4), B{t2); cTi, (72, 7, 7*; 

with the prescribed transfer function S{X,t2) and which for 4 has the triangular structure above. It 
can be done using the general theorem on reconstruction of vessels from their transfer functions. Then 
its transfer function may be written in the following form 

S{X,t2) = I + B*{t2){XI - Ai{4)-^B{t2)<Ji = 

= I + {F-\t2A)B{t2)y F*{t2A)nt2A){>^I - M{4)-^F-\t2,4)B{t2W 
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Using the vessel conditions, if one denotes 6o(i2) = F-'^{t2,tl)B{t2), ^"^(i2) = F*{t2,4)F{t2,tl) then 
these functions satisfy 



dt2 

^{X-\t2)) - ~X-\t2)bo{t2)a2b*o{t2)X~\t2), X-\t°2) = I, 



i-{bo{t2)ai) + Ai{f^)boit2)(r2 + &o(i2)7 = 0, 

Ai{4)X{t2) + Xit2)Alit°2) = -bo{t2)aib*oit2) 
and 

S{X,t2) = I + b*o{t2)X{t2)-\XI - Aii4)-%{t2)ai. 

Notice that the third condition is a straightforward conclusion of the first and the second. The following 
diagram illustrates the operators and the spaces involved 

x6o(t2,t) ^ Xit2) _ bi{t2,tydt 
o — > rtfO — > rtfO — > o 

'-2 '•2 

Performing projection of this vessel for each s G [0,iy] on the invariant subspace Qs ^ H^o, we 
shall obtain from the linkage condition 

-lis) = 7 + (JiBPt, {s)Ba2 - (J2BPt, {s)Bai, 

where Pt2{s) is the orthogonal projection on the space F{t2,t2)Gs- Let us show first that j{s) obtained 
in this way is a differentiable with respect to s function: 

7(s + As) - 7(s) = aiB[Pt, {s + As) - Pt, {s)]Ba2 - 02B[Pt, [s + As) - Pt, (s)]B(Ti 



Lemma 7.1 The following limit exists 

B*{t2){PtAs + ^s)-Pt,{s))B{t2)a, 

As^O As ' 

for almost all s. 

proof: Notice that for t^ can be evaluated explicitly 

Jirn^ B'(t-)[Po(s+As)-Pois))Bit.)a. ^ ^^^^ f:^^' Pjtly^ jtly)., ^ s)/3* s)ai ■ (7.1) 

Using Dunford Shwartz calculus, we shall obtain that 

PtAs) = f fWi^I - F{t2,t°)Pt,{s)F{tlt2)F*{tlt2)PtAs)F*{t2,t'ij)-'dX, 

where the integral is taken around the spectrum of the idempotent FPt„{s)F~^ and /(A) is an analytic 
function, which obtains 1 for real values of A G [1, ||FPtQ(s)F~^||] and /(O) = 0. We also obtain that 

PtAs) = y /(A)(A7 - F{t2,t°2)Pto{s)F{tU2)F*{tlt2)Pto{s)F*{t2,t°2))-'dX = 

= ^ f{X){XI-J{t2,s))-'dX, 
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where we denoted 

J{t2, s) = F{t2A)Pto {s)F{tlM)F* {tl t2)Pto {s)F* {t2, 4). 

Thus we obtain 

B*{t2){PtAs + As) - Pt,{s))B{t2)ar = 
= B*{t2) j f{X){XI - J{t2, s + As))-^dXBit2)ai - B*{t2) j f{X){XI - J{t2, s))-^dXB{t2)ai = 

= B*{t2) j /(A)[(A/ - J{t2, s + As))-i - (AJ - J{t2, s))-']B{t2)aidX = 

Using here the resolvent formula of Hilbert, we shall obtain 

B*{t2)iPtAs + As) - Pt,{s))B{t2)ai = 

= B*{t2) j f{X){XI - J{t2, s + As))-^[J{t2, s + As)- J{t2, s)]{XI - J{t2, s))-'B{t2)aidX. 

Notice further that 

F{4, t2)[J{t2, s + As)- J{h,s}]F*{tlt2) = 

= Pt„{s + As)F{tlt2)F*it'„h)P,Js + As) - P,„{s)F{tlh)F*{tlt2)Pt„{s) = 
= Pt,{s + As)F{tlt2)F*{tl,h)Pt,{s + A.-) - Pt,{s + As)F{tl,h)F*{tl,t2)Pto{s)+ 

+ Pt, {S + As)F{t%, t2)F* {t%, t2)Pto (S) - Pto {S)F{4, t2)F* {t%, t2)Pto (s) = 

= Pt,{s + As)F{4,t2)F*{4,t2)[Pt,{s + As) - PtAs)] + 

+ [Pt, {s + As) - Pt, is)]F{t°,t2)F* {4, t2)Pto {s)- 

Inserting this expression back we obtain 

B*{t2){PtAs + As) - PtM)B{t2)ur = 

= B*{t2) j> /(A)[(A7 - J{t2, s + As))-i - (A7 - J{t2, s))-^]B{t2)cJrdX = 

= B*{t2) j f{X){XI - J{t2, s + As))-^F{tlt2)[Pt,Xs + As)F{tlt2)F*{t°2, t2)[/^t„(s + As) - Pt„{s)] + 
+ [Pt„is + As) - P,„{s)]F{4,t2)F*{t"2,t2)Ptois)]{XI - J{t2, s))-^B{t2)aidX = 
= B*{t2) j f{X){XI - J{t2, s + As))-^F{t°2, t2)Pto{s + As)F{4,t2)F*{4, t2)x 
[Pt,{s + As) - Pto{s)]{XI - J{t2,s))-^B{t2)(TidX+ 
+ B*{t2) j f{X){XI - J{t2, s + As))-^F{4,t2)[Pto{s + As) - Pt,{s)]x 

F{4,t2)F*{4,t2)Pto{s)]{XI - J{t2,s))-^B{t2)(TidX 
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Let us concentrate on the first expression 



B*{h) j f{\){\I - Jit2, s + As)y'F{4, t2)Pt„{s + As)F{t"^, t2)F*{4, t2)x 
[Pt„ is + As) - Pt„{s)]{XI ~ J{t2, s))-^B{t2)aid\ = 
= B*(t2)F{t2,t%)Pt,{s) ^/(A)(A/~ J'(t2,s + A,s))-ix 

[PuAs + ^s)~PtM]{>^I-J'*{i2,s))-^F*{tl,t2)B{t2)aid\ 

where 

J\t2,s)^F{tlt2)F%tlM)Pto{s)F*{t2A)F{t2A)Pto{s) e i3(Hto). 
Using local observability of the vessel we conclude that 

and plugging it into the last expression, we shall obtain 

Y,s,s*B*{tl)V, ^/(A)(A/- J(t2,s + As))-i[Pt„(s + As)-Ft„(s)](A/- J'*(t2,s))~'l^;i?(i^ki 

Notice that for fixed i, j similarly to (|7.ip the following limit exists 

B*{tl)V, § f{X){XI - J{t2,s + As)r^[P,,{s + As) - Pto(s)](A/ - J'*(i2, s))-^V*B{tl)a, 

lim = 

As^O As 

= P*{tl s)V, i f{X){XI - J(t2, s))-i(A/ - f*(t2,syrW*f3{tl s)ai 



But since J2 s,s*B*i4)V^ § f{X){XI - J{t2, s))-^Pt,is)iXI - J'*{t2,s))-^V*B(tl)ai and 
X; s^Sj(3*{tl,s)V^ § f{X){XI - J{t2,s))-\XI - J'* {t2, s))-^V* P(4, s)ai converge uniformly in s to their 
limits we conclude that the second expression is the derivative of the first and this is what we wanted. 

□ 

Let us consider next the output vessel condition for various values of s: 
ai^[B*it2)Pt,is)F{t2,4)] - a2B*{t2)PtJs)F{t2,4)A,{t''^) - j,is)B*it^^^^ 

OT2 

This is an ODE for the function Y{t2,s) — B* (t2)Pt2{s)F{t2,t2), since its derivative is a continuous 
function of t2 ^CoLe) 

ai^[r(t2, s)] - a2Y{t2,s)A,i4) - j.{s)Y{t2, s) = 

Form the theory of ODE with a parameter s we conclude that since 7*(s) is differentiable in s function, 
so will be Y(t2, s) on an interval [0, L]. Moreover, the mixed partial derivatives of the second degree are 
equal: 
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Then for the transfer function of the compressed vessel, we obtain 

= /-i?*(t2)P*Js)F(t2,t^)(A/-Ai(t^))-i^^(t^,t2)^^*(t0,t2)i^nt2,i^)Pt.(s)B(i2)ai = 

= / - Y{t2, S){XI - Ai{4))-'F{4, t2)F*{tlt2)Y*{t2, S)C71 

and equality of mixed partial derivatives is immediate. 

Let us write down the formula for the logarithmic derivative (w.r.t. to s) of S{X, 5,^2) for a fixed 

t2: 

dS{X,s,t2) S{X,s + As,t2)-S{X,s,t2) ^_, 

as As^o As 

^ ^.^ SiX,s + As,t2)S-HX,s,t2)-I 

As->0 As 

Let us concentrate on the expression — (A,s,t2)-/ ^ pj-gj^^ ^j^g vessel definitions it follows that 
S{X, s + As, t2)S~^{X, s, t2) is the transfer function of the vessel, which is obtained as the projection of 
the initial vessel on the invariant subspaces Pt2{s + As) — Pt2{s), i-f^-, it is of the form 

I-B*(t2){Pt2{s + As) - PtAs)){XI - A[{t2))-HPtAs + As) ~ Pt2{s))B{t2)au 

for A[{t2) = F{t2,4){Po{s + As) - Po{s))Ai{t'^){PQ{s + As) - Po(s))F(t!], ta)- Wc want to show that 

t2,s)a{t; 

A+c(s) 



^^^^s'*^^ S{X, s,t2) is of the form ^'"'^^x+c(s)''^^ ~^ ^' multiplying the limit expression by A + c(s), 



we shall obtain 

-(A + c(^,) f(^,^+^^,t2)S-HX,S,t2)-I ^ 

= (A + c{c)) ^' («+As)-Pt, (s))(\I-A'^ (t2))-\Pt2 (s+As)-Pt2 (s))B(t2)ai ^ 

_ B'(t2)(Pt2(«+As)-Pt.,(s))(A-A;(t2)+A'i(t2)+c(s))(A/-A'i(t2))~^(Pt2 (s+As)-Pt2(s))B(t2)ai _ 

~ As ~ 

_ B*(t2)(Pt2 (s+As)-Pt2 (s))B(t2)ai , 

~ As ^ 

I B' (t2)(Pt2 (S+As)-Pt2 (t2)+c(s))(A/-A'i(t2))~'(Pt2 {s + As)-Pt2 {s))B{t2)<Tl _ 

As ~ 

and consequently, we need the following lemma 

Lemma 7.2 For a continuous function f € LJ^(0,L;Cp) the following holds 

B*mAi{t'2) + c{s)){Po{s + As) - Po{sj)f ^ ^ 

As->0 As 

Proof: Let us evaluate 

B*{t°2){A,{t°) + c{s)){Po{s + As) - P,{s))f = 

s+As 



f ^ p{tU){[c{s) - c{t)]f{t) + [ f3{tU)<TiP*{tly)f{y)dy)dt 

J s J s 



AA 



and using the fact that for any continuous function fit), lim ^ — . = /(s) we obtain that 

As— >0 



lim 



B*{tl){A^{tl) + c(s))(Po(s + As) - Po(s))/ 



As^O As 

^ j.^ /r^^ /?(^^, ^) ([c(s) - c{t)]f{t) + /; y)f{y)dy)dt 

As^O As 



= /3(iO,s)([c(s)-c(s)]/(s)+ r f3{4,s)aip*{4,y)fiy)dy)=0, 

J s 



as desired. □ 
Since we have local observability 

V A^{t°)B{4)e= V F{t°,t2)A^{t2)B{t2)e = H,o, 

n>0,eeS n>0,eeS 

in order to have 

B*{t2)F{t2,4){XI - Ai{4))-\A,{4) + c(s))(Po(s + As) - Po{s))F{4,h)B{t2)ai ^ ^ 

As->0 As 

it is enough to show that for each / e L^^ (0, L; C^) 

i?*ft^)(Aift°) + c(s))(Po(s + As) - Po(s))/ _ g 

As^O As ' 

which follows from the lemma. 

So, S{X, ^2) has a realization in the form of multiplicative integral: 



:)dy, 

Jo ^ + <^vyj 

which means that it is possible to define 

S{X,t2,s) = r exp{^^^)dy 
Jo + c{y) 

such that 

|-5(A,i2,s) = ^^5(A,i2,s). 
OS A + c(s) 

Then using the equality gfg^^ S{X, t2,s) = g^g^S{X, t2,s), we shall obtain 
Q^S{X, t2,s) = — [a^\Xa2 + lis))S{X, t2,s)- S{X, t2 , s)a-\Xa2 + 7)] = 

= afi-f 7(s)5(A,t2, s) + ar'(Aa2 + 7(s))^^^(A, t2, s) - ^pl^S{X,t2, s)a^\Xa2 + 7), 

as A + c(s) X + c(s) 

qty, ^ K{t2,s) i^K{t2,s) K{t2,s) d 

-S{X,t2,s) = -^T— — ^A(A,i2,s) = — — — ^-^S{X,t2,s) + — — -——b{X,t2,s) = 



dt2ds ' " ' dt2X + c{s) ^ ' ^ A + c(s) ^ ' ^' ^ ■ x + c{s)dt2 

= ^^^!'\'^ -g(A,t2,s) + ^|Hlf) [^-i(Aa2 +7(s))5(A,t2,s) - 5(A,t2,s)ari(Aa2 +7)], 
A + c(s) A + c{s) 
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or after cancellations and multiplying on S ^(A, t2,s) on the right {K — K{t2,s)) 

as A + c{s) A + c(s) A + c[s) 

Let us multiply this expression by A + c(s) to obtain 

(A + c{s))<j-'^j{s) + a-\Xa2 + i{s))K = + Ka-\\a2 + i{s)). 

as ot2 

Substituting here A = A + c(s) — c(s) and rearranging, we shall obtain 
^^K + Ka^\^c{s)a2+l{s)) = 



fJi ^{-c{s)<72+l{s))K +{\ + c{s)){(j^ ^J-^l{s) + cT^ Vaif - Xaf V2 



Consequently, 



^^7(s) + cr^ V2Ji: - Ka^ V2 = 0, 
^A' = ar^(-c(s)a2 + 7(s))if - Ka-\-c{s)o2 + 7(s)). 
Form here we conclude that 

K{t2,s)= fi{t2,s)a{t2,s), 
where /3(i2, s), a(i2, s) satisfy the following differential equations: 



—/3(t2, s) = o-j ^[-c(s)(T2 + 7(5)1/^(^2, s), P{tl,s) from above, 



0*2 

and 



■£-a(t2,s) = Q(t2,s)cr]7^[c(s)a2 - 7(s)], a(i§,s) = /3*(t2,s) 



-^7(5) = aif3{t2, s)a(t2, s)cri V2 - (T2P{t2, s)a{t2, s). 
as 



Notice also that from the properties of the fundamental matrices, for 

f3it2,s)^^t2,c{s))Pi4,s) 

we obtain that 

a{t2,s) = a(t§,s)$-i(t2,c(s)) ^ a{4, s)a^^^*{t2,-c{s))ai = 
= P* {4 , s)aiari $* {t2 , -c(s))ai = /?* (t2 , , 

which shows that 

<9 , . P{t2,s)P*{t2,s)<Ji 

d;Si\t2,s) = s{x,t2,s). 

We conclude that S{X,t2,s) has the multiplicative structure similar to (|5.4p . which was our goal. 
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Part III 

Zero/pole interpolation 

Recall that in |MVj (theorem 8.1) we have proved an important realization: 

Theorem 7.3 Suppose that S{X,t2) intertwins sollutions of ODEs with a spectral parameter A. Then 
there exists vessel S)2J in the differential form 

S)Q3 = (Ai(t2), ^2(^2), B{t2), C{t2), D{t2), D- ai, (72, 7, ai„ (T2*, 7*; ^ , ^, ^*), 
with this transfer function and for which 

C{t2)= j> $,(A,t2,t^)Co(A/- Ai)-idA (7.5) 

SpecAi 

B{t2)= j {XI-Ai)-^B„ai{t2)<f*h~X,t2,tl)dX (7.6) 

SpecAi 

D{t2) = Sioo,t2) (7.7) 

and 

S{X, t2) - D{t2) + C{t2){XI - A,)-'B{t2)cT,. 

We are going to present here a different proof of this theorem, using the technique of zero/pole interpo- 
lation. 



8 Zero-Pole Interpolation of S{X, 12) 

Suppose that we want to solve a zero-pole interpolation problem. Following [BGRj , in order to have (for 
each ^2) zero (C(i2), At^) - pole {A^, B{t2)<Ji) data, sufficient for reconstructing ^(A, ^2) up to similarity, 
there must exist a solution ^(^2) of Sylvester equation 

X{t2)A^ - A^X{t2) = B{t2)a^C{t2). (8.1) 

From this equation we obtain that 

X-^A^ = A^X-^ - X-^B{t2)criC{t2)X-^ 

In this case the matrix X{t2) is called the null-pole coupling matrix for S{X,t2). 

Remarks: If one starts from a matrix S{X,t2) with the usual properties, then one can explicitly eval- 
uate zero-pole data (C(t2), ^tt), (^j , -B(i2)criH,), X(t2) by definition. Then differentiating the Sylvester 
equation (|8.ip . one obtains: 

X'A^ - A^X' - {-A^B{t2)(T2. - B{t2)i.)C{t2) -f B{t2)ai,(J^}{a2.C{t2)A^ + 7,^(^2)) 

or 

{X' - B(t2)a2.C{t2))A^ ~ A^{X' - 5(^2)^72,^(^2)) = 0. (8.2) 
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1. Notice that if additionally, the spectrum of A-^ is disjoint from the spectrum of A^, then from the 
uniqueness of solution of (|8.2p we obtain that 



X' = B{t2)a2*C{t2). (8.3) 
In other words, ^(^2) will additionally satisfy differential equation (|8.3p . 

2. Suppose that X{t2) satisfies differential equation (|8.3p and for the algebraic Sylvester equation 
(|8.ip is satisfied: 

X{1»^)A,~A^X(1^^) = B{tl)a^C{tl), 

then solving differential equation (18. 3p with this initial condition X{t^), we obtain that X[t2) 
satisfies the algebraic differential equation (|8.f p for each t2. 

3. Notice that invertibility of the matrix X{t2) is not globally promised. If deiX{t^) 7^ 0, then there 
could be values of t2 for them det X{t2) — 0. 

Lemma 8.1 Suppose that S{X,t2) maps solutions as above. Suppose also (C(t2),^7r) is the right pole 
data. Then there exists a unitary matrix U, such that C{t2) — C{t2)U satisfies the output differential 
equation with the spectral matrix-parameter Ai — U* A-^U : 

C{t2)'ai - AiC{t2)cT2 + C{t2)l. = 

Proof: In order to prove it, one has to use theorem 17. 3[ where one builds a minimal realization of 

SiXM) 

S{X,t2) = Dit2) + C{t2){\I - A^)-^B{t2)a^ 

with 

C{t2)= j> <^.{\mA)Co{XI- Ai)-^dX (8.4) 

SpecAi 

B{t2)^ j Ai)-^B^^*{\,t2A)dX (8.5) 



SpecAi 



D{t2) = S{oo,t2) (8.6) 



for a fixed realization at t^, S{X,t^) = Dq + Ca{\I — Ai)^^ B^ai. The left pole data, which can be 
easily read from a minimal realization, is C(t2),Ai. On the other hand, we are given the left pole data 
C(i2),^7r. Since all minimal realizations are unitary equivalent, there is a unitary matrix such that 
C{t2) = C{t2)U{t2),Ai = U{t2)A^U*{t2). It is immediate from lemma 8.2 [MY], that C{t2) satisfies 
the output differential equation with the spectral matrix-parameter Ai. □ 

In this manner we see that it is possible to obtain the right pole data in a "convenient" form 
(namely satisfying the differential equation with the spectral matrix-parameter). Notice that the same 
considerations hold for the left null data, too (considering the inverse matrix). In this case the corre- 
sponding differential equation will be adjoint output, because of the formula (|2.13p connecting S'(A,i2) 
and iS'*(A,i2). Then 

Lemma 8.2 Suppose that S{X,t2) is as above. If we are given null-pole data {C{t2), Aj^; B{t2), A^) with 
C{t2) and B{t2), satisfying output and the adjoint output equations with the spectral matrix-parameters 
A-rr and A^, respectively, then the null-pole coupling matrix X{t2) satisfies the differential equation 
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Proof: Recall that the null-pole coupling matrix ^(^2) is defined as one satisfying the Sylvester equation 
(|8.ip and such that 

S{X, t2)=I + C{t2){\I - A^)-^X-^B{t2)ai. 
Let us remember now equation (j3.20p : 

J-5(A, t2) - (7^,\(J2.X + 7*)^(A, t2) - S{X, t2)a^\a2\ + 7). 
012 

Substituting here the differential equations: 

aiC{t2y ^a2C{t2)A^+l.C{t2) 

B{t2)'(Ti = -A^B{t2)cJ2 - B{t2)l. 

We obtain that 

^^S{\,t2) = ^C{t2){\I - A,)-^X-^B{t2)a^ = 

<Ji\<J2C{t2)A^ + 7*C(t2))(A/ - A^)-^X-^B(t2)o^ + C{t2){\I - A^)-\X-^)' B{t2)oi + 
+C{t2){\I - A^)-^X-\-A^B{t2)a2 - S(i2)7*)- 

Then equation (|3.20p becomes 

cJ^\a2C{t2)A^ + r*C{t2)){\I - A^)-^X-'B{t2)a^ + C{t2){\I - A^)-^ {X-^)' B{t2)ai + 

+C{t2){XI - A^)-^X-\-A^B{t2)<T2 ~ B{t2)l,) = 
a^\\a2 + 7*)(/ + C{t2){\I - A^)-^X-^B{t2)(T{) - (l + C{t2){\I - A^)-^X-^B{t2)a^)(T^\a2\ + 7) 

After some cancellations (using Sylvester equation lS.ip it means that 

~CJ^^a2C{t2)X-^B{t2)<Jl + C{t2){\I - A^)-\X-^yB{t2)(Ji + C{t2)X{t2)-^ B{t2)<J2 + 

+C{t2){XI - A^)-^X{t2)-'B{t2){j - l.)C{t2) + (A/ - A,)-^X-^B{t2)aiC{t2)X-^B{t2)a2 = 

= crr^(7* - 7) 

or using the linkage condition (|2.6.Linkp 

C(i2)(A/ - A„)-\X-^yBit2)<Ji + C{t2){\I - A^)-^X-^B{t2)(yi{i - 7* + C{t2)X-^B{t2)a2) = 0. 
Finally, using linkage condition (|2.9p again, 

C{t2){\I - A^)-^[{X-^y + X-^B{t2)a2C{t2)X-^]B{t2)ai = 0. 
Because the realization is minimal, it means that 

[{X-^y + X-^B{t2)<72C{t2)X~^]B{t2)<Ji = 0. 

Rewrite it as 

[X' - B{t2)a2C{t2yX-\t2)B{t2)ai = 
and multiply by {XI — A^)"^ on the left 

(A/ - A^)-'[X' - B{t2)a2C{t2)]X~\t2)B{t2)ai = 0. 
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Using equation (|8.2p we obtain that 

{XI - A^)-^[X' - B{h)a2C{t2)]X-\t2)B{h)ai = 
= [X' - B{t2)<J2C{t2)]{\I - A^)-^X-\t2)B{t2)<Ji = 0. 
Again, since the reaUzation is minimal it means that 

{x-^y + x-^B{t2)(J2C{t2)x-^ = 0, 

or in other words (|8.3p holds. □ 

Theorem 8.3 Suppose that {C{t2), At,),{A^, B{t2)), X{t2) are the zero-pole data, with invertible cou- 
pling matrix X{t2) on the intervall . Suppose also that additionally to Ii8.1\) . X{t2) satisfies \8.^^) . Then 
there exists a unique matrix function S{X,t2), which maps solutions of 12. 8\} with spectral parameter X 
to solutions of 12. 9\) with the same spectral parameter and which is identity at infinity. 

Proof: Notice first that since we have normalized the desired function as D{t2) — I at infinity, in order 
to have linkage conditions, we have to consider the case, when 

CTl* = (Ti, (72* = f2- 

For each t2 as in |BGRj one defines 

B{t2)=X{t2)-^B{t2). 

Then let us check that the resulting matrix function 

5(A, t2)=I + C{t2){XI - A^)-^B(t2)ai 

satisfies all the requirements. In order to do it, we first evaluate the differentiation of B{t2): 

B{h)' ^ {X{t2)-')' B{t2l+ X{t2)-'B{t2)' ^ 

= -B{t2)(J2C{t2)B{t2) - A^B{t2)a2a^^ + B{t2)aiC{t2)B{t2)(T2a^^ - B{t2)l.(J^\ 

Then 

^^S{X,t2) ^ ^i\'^2C{t2)A^ +^,C{t2)){XI - A^r^B{t2)ai + 
+C{t2){XI - A^)-^ 

( - B{t2)<T2C{t2)B{t2) - A^B{t2)cT2CT^^ + B{t2)<7lC {t2)B {t2)<72<Ji^ ~ B {t2h,a^^) CTi = 

= a^\a2X + ^,)C{t2){XI - A^)-^B{tj)ai - a^^ (T2C{t2)B{t2)a^ ~ C{t2)B{t2)a2 + 
+C{t2){XI - A^)-^B{t2){ - a2C{t2)B{t2)ai + <JiC{t2)B{t2)<J2 - {X<72 + 7*))- 
Consequently, defining 7 from the linkage condition (|2.6.Link[) 

7 = CJ2C{t2)B{t2)cJl ~ (TiC{t2)B{t2)(T2 + 7* 

one obtains that 

Jj5(A, t2) - a^\a2X + 7*)5(A, t2) + S{X, t2)a^\a2X + 7 ) = 

= (Tf ^(aaA + 7,)C(t2)(A/ - A,)-^ B{t2)(Ji ^ a2C{t2)B{t2)(Ji + C{t2)B{t2)(J2 + 
+C{t2){XI - A^)-^B{t2){- <J^^(J2C{t2lB{t2)ai + C{t2)B{t2)a2 - (Aas + 7*))- 
-af i(a2A + 7,)(/ + C{t2){XI - + 
+ {l + C{t2){XI-A^)-^B)a^\a2X + -i) = 

= -fJi^S* + f^rS -^l^^2C{t2)B{t2)ai + C{t2)B{t2)cJ2 + 

+ C{t2){XI - A,)-^B[t2){~ <J2C{t2)B{t2)<Ji + <JiC{t2)B{t2)<J2 - 7, + 7) = 
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and the theorem foUows. □ 
Using this theorem we obtain an alternative proof of reahzation of theorem 17.31 

Corollary 8.4 Let S{X,t2) be a function as above. Suppose that at t2 there is a realization 

S'(A,t^) = / + C(t^)(A/ - Ai)-^B{t°)(Ji. 
Then there exists a realization of S{\,t2) 

S{\, t2) = I + C{t2){\I + Ai)-^B{t2)ai 
with C{t2),B{t2), satisfying the output and input adjoint differential equations with matrix parameter 

Proof: Take {C{t2),Ai) and {B{t2),A^), the null-pole triple for the matrix S{X,t2)- Then they can be 
chosen so that the output differential equation (with Ai) and the adjoint output differential equations 
(with A^) are satisfied. Define now 

X{t2)^B{t2)aiC{t2). 

Then X(t2) is a coupling matrix (by simple calculations) for this null-pole data and the corresponding 
realization 

S{X, t2) = I + C{t2){\I + Ai)-'X-^B{t2)ai 

is unique by theorem 18.31 Moreover, X{t2)~^B{t2) satisfies the input adjoint differential equation with 
the spectral matrix parameter Ai. This finishes the proof. □ 

9 Hermitian realization theorem 

As a special case of realization theorem discussed in [MVj . one can consider the Hermitian case 

Theorem 9.1 Suppose that S{X,t2) is as above and additionally satisfies 

1. S{co, t2) — oo, 

2. S{X,t2)(^i^S*{X,t2) > CTf^ form > 0, 

3. S'(A,t2)crf^S'*(-A,t2) (Tf^ for all t2, 

then there exists a conservative vessel with S{X,t2) as the transfer function. In this case 

S{X,t2) =1 + C{t2){XI + Ai)-^C*{t2)au 

where C{t2) satisfies the output differential equation with the matrix parameter Ai. 

Proof: Notice that theorem 6.1.1 of [BGRj means that for each t2, there exists an invertible, Hermitian 
matrix X{t2), satisfying 

X{t2)A, + AlX{t2) = ^C*it2)aiC{t2) (9.1) 

and a minimal realization 

S{X, t2)=I + C{t2){XI + Ai)-^X-\t2)C{t2rai, 
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when ^(^2) is the null-pole coupling matrix associated with the right pole pair {C{t2), Ai) and the left 
null pair (— — C(t2)o'i) for S{X,t2)- Here the adjoint is taken with respect to the standard inner 
product on the finite dimensional auxiliary Hilbert space. 

Notice that from the theorem it also follows that in order to obtain that S{\,t2)<7i^ S*{X,t2) > 
<7^^ for 5ftA > 0, we have to demand positive-dcfinitcness of X{t2), because in using this realization and 
formula (P7T|) (see theorem 6.2.2 from [BGRj) 

S{\t2)^^^s*{^\t2) - = c{t2){xi - Aiy^x~^{t2){xi - Ai)-^c{t2r 

and the positive definiteness of X(t2) is immediate from minimality of the realization. 

Now we would like to find a unitary equivalence to obtain the so called colligation condition. 
Define Y{t2) = and define 

C{t2) - C{t2)Y-\t2) , . 

A^{t2)^Y-\t2)A^Y{t2) ^ ' 

Define the inner product on the Hilbert space, on which ^1(^2) acts as (for <, > - the standard inner 
product) 

{v,u) =< X(t2)v,U > 

Then ^(^2) is a self adjoint operator, because 

{Y{t2)v,u) X{t2)Y{t2)v,U>^< v,Y{t2)u >= {v,Y{t2)u), 

and the adjoint of Ai is evaluated from 

{Ai{t2)v,u) =< X{t2)Y-'{t2)AiY{t2)v,u>=< X{t2)-^v,Y{t2)AlY-\t2)u {v,Ai{t2)u) 

and AI = Y{t2)AlY-^{t2). Then 

(Ai{t2)v,u) + {Al{t2)v,u) =< X{t2)Y-\t2)AiY{t2)v,U> + < X{t2)Y{t2)AlY-\t2)v,u >= 
< Y{t2)[AiX{t2) + AlX{t2)]Y-\t2)v,u >=-< Y{t2)C*{t2)aiC{t2)Y-\t2)v,u 
- < X{t2)C*{t2)aiC{t2)v,U >= -{C*{t2)aiC{t2)v,u). 

In other words 

Mh) + Al{t2) ^ -C(t2)<J^C(t2), 

which is precisely the colligation condition. Finally, 

S{X,t2) =1 + C{t2){XI + Ai)-^X{t2)-^C*{t2)ai =1 + C{t2){XI + Ai{t2))-^C* it2)ai. 

□ 

Remarks: 

1. It is also possible to use kinematic equivalence in order to obtain the same inner Hilbert space 
with the standard inner product on it. This kinematic equivalence is made by means of matrix 
Y{t2), using formulas (|9.2|) . Notice that in this case the operator Ai{t2) is non-constant. 



52 



2. On the other hand, it is possible to keep the operator Ai constant, varying the Hilbert spaces with 
t2- In this case, it is enough to define the inner product as (for v G 7i, u G £) 

{v,u) =< X{t2)~^V,U> 

Then C*{t2)u = X{t2)~^u and the formula 

S{X, t2)=I+ C{t2){\I + A^)-^C*{t2)<Ji 

is obtained. 
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